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ABSTRACT

pig -3012

Numerical methods and computer programs are presénted for the
analysis of heat shields. The finite element technique is used to
determine stresses #nd displacements developed in composite axi-
syrmetric solids of arbitrary geometry subjected to axisymmetrie
thermal or mechanical loads. This technique is then applied to £he
developmeht of an automated computer program for the analysis of
axisymmetric heat shields subjected to axisymmetric thermal and pres-
sure loadings. Finally, the numerical technique is extended to the
analysis of heat shields subjected to non-axisymmetric thermal
loading.

‘Several examples are presented to illustrate the application
of the method and to demonstrate its validity. FORTRAN II card

listings and descriptions of the use of the above programs are given

in the appendices.
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INTRODUCTION

The purpose of this investigation is the development of methods
of analysis and digital computer programs to aid in establishing the
structural integrity of manned spacecraft heat shields. The results of
the analysis which are presented in this report indicate only the cap-
abilities of the computer programs and do not necessarily represent the
behavior of a specific heat shield. The final evaluation of the structural
capability of a heat shield must be based on a certain amount of engineer-
ing judgement, in connection with the use of the computer programs,

In this investigation the finite element method is used to de-
termine stresses and displacements developed in solids of revolutione.
First, a numerical procedure and a digital computer program are develop-
ed for the analysis of composite axisymmetric solids of arbitrary
geometry subjected to axisymmetric thermal or mechanical loads. Second,
this program is specialized to the analysis of axisymmetric heat shields.
Finally, the same numerical technique is extended to the analysis of
heat shields subjected to non-axisymmetric thermal loading. A description
of the method of analysis and the use of the above computer programs is
presentedes In addition, FCRTRAN II listings of the above programs are

incorporated in this report.
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During the initial phases of this contract, finite difference
techniques were used to solve the governing differential equations for
displacements of the system. However, considerable difficulty was en=-
countered in the solution of the resulting set of linear equations. An
iterative approach, coupled with over-relaxation techniques, resulted in
inadequately convergent displacements. The direct solution technique
gave a matrix for the set of simultaneous equations which was ill~-
conditioned. An additional difficulty of the finite difference technique
was encountered in satisfying the boundary conditions at the edge of the
heat shields The finite element approach proved more practical and more
versatile; therefore, the finite difference method was discontinued. A
complete description of this initial investigation is given in Appendix

G.
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PART I: METHOD OF ANALYSIS

A, INTRODUCTION
The "finite element method" is a general methad of structural
analysis in which a continuous structure is replaced by a finite number

of elements interconnected at a finite number of nodal points == (such an

idealization is inherent in the comventional analysis of frames and trusses).

In this investigation the finite element method is applied to the determina-

tion of stresses and displacements developed in axisymmetric elastic
structures of arbitrary geometry and material properties which are sub-
Jected to thermal and mechanical loads.

An assemblage of different types of axisymmetric elements is used
to represent the continuous structure. Approximations are made on the
displacements within each element of the system. Based on these ap-
proximatiéns, equilibrium equations are developed for all elements.
From “direct stiffness techniques®?, the equilibrium equations, in terms
of unknowh nodal poiht displacements, are developed at each nodal point.
A solution of this set of equations constitutes a solution to the finite
element ayétem. h
B, BQUILIBRIUM EQUATIONS FOR AN ARBITRARY FINITE ELMMENT

1.  Strain-Displacement Relationship

The first step in the determination of the stiffness (corner

forces in terms of corner displacements and temperature changes), of a

Report No. 5654-02 FS . Page 3



finite element is to assume a solution for the displacement field within
the element. It is desirable that this assumed displacement field
satisfies compatibility between other elements in the system. Based on
this solution for the displacements within the element, it is possible
to develop an expression for the strains at any point within the element
in terms of the nodal points (corner) displacem_ents. This expression in

[e] = [2][] (1.1)

where [c i8 a column matrix of the M components of strain

-
[u is a column matrix of the N nodal point displacements

[a is an M x N strain-displacement transformation matrix -
=~ this matrix may be a function of space

2. Stress-Strain Relationship

For an elastic material, the stresses at any point within
the element are expressed in terms of the corresponding strains by the

elastic stress-strain relationship., Or, in matrix fom

[o] = [c] [c] + [r] (1.2)
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where o| is a column matrix of the M components of stress
e¢| is a column matrix of the M components of strain
| is a column matrix of the M components of thermal stress

C|{ is an MxM matrix of material property coefficients

The size (M) of these matrices will depend on the type of element
being considered. The coefficients of matrices [C] and ['r] will depend
on material properties. Since [c] is completely arbitrary, anisotropic
materials can be handleds Also, each element in the system may have
different properties; therefore, composite structures are readily represent-
ed by the finite element idealization.

3. Internal Work

The internal work, or strain energy, which is associated with

an infinitesimal volume element dV within the finite element is given by

1
dWI = 5 (Gl 0’1 + 62 0'2 eseee T CH UM) av
or in matrix form
' T
o1
sy = gle] [o]w (L.3)

The substitution of Equation (1l.2) into Equation (1.3) yields

s = 301 ) [Jer e 3] [ )
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Equation (l.1) may be written in transposed form as

T T T
ANKIONG ws
After Equations (1l.1) and (1.5) are substituted into Equation (1.L), the

w3 T [ [ @« 2T ce

The total strain energy stored within the element is found by

inté'g:'ai?ing Bouation (1.6) over the volume of the finite element. Or
T T o o 3 (R,
o - 30T [ E e 20 [T e an

e External Work

The work supplied externally at the nodal points of the

finite element is given by

_1 1 1
WE 5 Ul Sl+ ?Uz 32 [ A AR NE NN RN N ] +?UNBN

or in matrix form
T
- 7 [][s]
Wy = 2 [u][s (1.8)
T "
where [u:l is a row matrix of the N nodal point displacements

l—s] is a column matrix of the N corresponding nodal point forces
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5. Energy Balance

The external work, Equation (1.8), is equated to the internal

work, Equation (1.7), yielding
[u]T[ s = [o] ][] + [o]T] )

where the element stiffness matrix

Ek] : f Biojok a0

ﬁ][]dv (1.11)

Equation (1.9) represents an energy balance (scalar equation) for a single
nodal point displacement pattern, Ir the final displacements [ujJ are

assumed to be composed of N separate displacement patterns![ﬁij] J=1,.4.N,
and if the final forces {:Si] are assumed to be composed of N correspond..

ing se’tsv, of ferces, [Sij] J =1, eeee N,' Fquation (1.9) may be written as

1) - [ - )

, -7
To eliminate the term [u] s the displacement patterns must be
5 _ T
selected in such a manner as to assure an inverse of [ﬁ o An acceptable
matrix is a diagonal matrix of the final displacement, or

s LR

G- {8 - D 1.13)
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Equation (1.12) is now premultiplied by [\u\]- 1 yielding

[=)05) = [0 ey » (20 (120)

* where [I] is a diagonal unit matrix.

Since only linear systems are considered, the N displacement patterns

may be superimposeds. Or

§- M a9

Since - -
' Si’-z sfi:j and LI P
J=l,eeeN

Equation (1.15) expresses nodal point forces in terms of nodal point
displacements and temperature changes within the element.
C. BQUILIBRIUM BQUATIONS FCR A SYSTEM OF FINITE ELEMENTS

The first step in the proéedure is to express all element forces in
terms of external nodal point displacements for each element in the
system, This is accomplished by expanding Equation (1.1L) in terms of
the N possible nodal point displacements; this will yield M matrix equations

of the form

[s"‘]_ - [k’“] [¢] + ["] = =2, ceeen (1.16)

where M is the total number of elements in ‘the system.
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The matrix [km:] is termed the complete stiffness of element m and involves
only terms which are associated with the displacemen’t’s. of the connecting
nodal points. Consequently, the majority of the coefficients of this
matrix equation are zero. The matrix [r] contains all possible nodal point
displacements of the complete finite element system, The matrix [Sm ] is a
column matrix containing the forces acting on element m in the direction
of the nodal point displacements [r]. The thermal load matrix [Lm and the
elemerit stiffness matrix [:km] are given by Equations (1.11) and (1.10);
however, the order (size) of these matrices has now been expanded to
correspond with the total mumber of nodal point displacements.

In order ‘to satisfy equilibrium of all nodal points, the sum of the

internal element forces must be equal to the external nodal point loadse

m - .. ¥ [#] (1.17)

m=l,...H .

Or

whére [1‘;' is the externally applied nodal point loads. The substitution
of Equation (1.16) into Equation (1.17) yields ‘

-3 Ee [ @

m‘l,uou m"l,..oH
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or rewritten in the following form:

[r] = [x][] (1.19)
[-[1- 1 [ .20

m=l,,¢eM

[x] = Y ¥ (1.21)

m=l,eeeM

where

Equation (1.19), which is an equilibrium relationship between external

loads and internal forces, represents a system of N linear equations in

terms of N unknown displacements,

De. SOLUTION OF BQUILIBRIUM RQUATIONS
Equation (1.19) represents the relationship between all nodal point
forces and all nodal point displacements., Mixed boundary conditions are

considered by rewriting Equation (1.19) in the following partitioned form:

(1.22)
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where R = the specified nodal point forces

B.b = the unknown nodal point forces

r = the unknown nodal point displacements

rb] = the specified nodal point displacements

Equation (1.22) may be expressed in terms of two separate equations, or

[Ra] - (Bl [ma) * [Ba) [2) (1423)
(%] = [Me) [Fa) * (Bl EN (Lo2k)

Bquation (1.23) is rewritten in the following reduced fomms:
(i - (8] a9

where the modified load vector, [ﬁa] is given by

RENI [Ra] - [X] [ (1.26)

In Part II of this report, the Gauss-Seidel iterative technique
is used to solve Equation (1.25) for the unknown nodal point displacements
[ra]. Appendix‘ A gives a direct solution approach which is used in the
automated computer programs for the thermal stress analysis of heat shields,
Parts IXI and IV of this reporte.
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E. ELEMENT STRESSES
After the nodal point displacements have been determined, the strains

within any element in the system are evaluated by the direct application
of Equation (l.1l). The corresponding stresses are calculated from the

stress-strain relationship, Equation (1.2).

Report No. 5654-02 FS Page 12



PART II  GENERAL COMPUTER PROGRAM FOR THE ANALYSIS
OF ARBITRARY AXISYMMETRIC STRUCTURES

A. INTRODUCTION
The stress analysis of an axisymmetric structure of arbitrary shape,
subjected to thermal and mechanical loadé is of considerable practical
interest. Although the governing differential equations have been known
for mﬁnw yearé, closed form solutions have Seen obtained for only a
limited number of structures. Thus, the investigator must often rely on
éxperiment#l’gr nuierical procedurés to solve this problem.
kj‘Experiment51 methods, such as Photoelasticity, have proven to be
versatile.tqbié in thébanal&sis ofbmany aiis&mmetric gtructureS. However,
for stfuétﬁiag caﬁpbséd‘qf s¢veral different materials or strucﬁureg with
thermal loading, this spproach is limiteds
_ The fiqiﬁéfdifference method, which involves the replacement of
the derivativea in the differential equafiona and boundary cpnditions with
difference equations, has been the most popular of the numerical techniques.
However, for sﬁrpctures of composite materials and of arbitrary geometry,
the procednré'is difficult to apply. _
In this section the finite element method is used to determine the
stresseS~aﬁd dispiacementa developed uithin arbitrary, elastic solids of
revolution subjected to thermal or ﬁechanibai axisyﬁmatric loads. The
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" a. ACTUAL RING

—-

b. TRIANGULAR ELEMENT APPROXIMATION

FI6.2.1 THE FINITE ELEMENT IDEALIZATION
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finite element approach replaces the continuous structuré with a system
of triangular rings interconnected at a finite number of nodal points
(joints)e Loads acting on the structure are replaced by statically equi-
valent concentrated forces acting at tlllle‘ nodal points of the finite
element system. Figure 2.1 illus‘i;rates a finite element idealization of a
typical axisymmetric solide -
B.  STIFFNESS OF TRIANGULAR RING

1. Stréin-ﬁisblacament Rélafionship

Continuity between elements of the system is maintained by
requiring that within each element "lines initially straight remain
stré.igﬁt :l.n their diépliced position“.k This linear displacement field,

which is iliusﬁaﬁéd in Figure 2.2, is defined in terms of u(rb,z)“ and

T |

FIG. 2,2 ASSUMED DISPLACEMENT PATTERN
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w(r,z) by equations of the following form:

u(r,z) = Cl + 02 r + 03 z (2412)

w(r,z) = Ch + GS r + C6 z (2.1b)

If Equations (2.1a) and (2.Ib) are evaluated at the three corners i, j, k

of the triangle, the following set of equations is obtaineds

v 0 0 0 1 Ty %y 02

uj 1l rj zd 0 0 0 03
- B ‘ : (2.2)

wa 0 0 1l rj z‘_j Ch

W 1 Ty B 0 0 0 05

_wk | i 0 0 0 1 rk zk 11 06_

By solving the system of Equations (2.2) for the constants 01,....,06,
they are expressed in terms of corner displacements. The strains in the
rz-plane are obtained from the assumed displacement field by considering
the basic definition of strain,

Report No. 5654-02 FS Page 16
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;r "% " Cy (2¢3a)
€z 52 s (2.3b)
! - ou ow ™

er ﬁ + 81-" 03 + CS (2.30)

At any point within the element the tangential strain &'0 is

:6 (ryz) = u(;,z)

The average tangential strain is found by averaging the strains at the

Vertices of the triangle, or

I R A B " .
€y -5(?{*?5*;;) (2.?(1?

After eliminating the constants c, between Equations (2.2) and (2.3),
the ‘avem'dge element strains are expressed in terms of corner displécements

by the following matrix equation:

Report No, 5654-02 FS Page 17

.



<. b 3 ‘bk 0 bk 0 b 3 0 ui
€, 0 ak-a:j 0 -8y 0 a:j Wy
1

2 o u

A J | (2.La)
ce 3'i.—i- 353 3‘;; J
b - «b %
Yrz &=ay P by 3y 3 .

or in symbolic form

[¢] = [a] [v] (2.1b)

where

8 T T "T

bJ=ZJ-ziv
by = T -3y
NoToagh - aby

The geametry of a typical triangle is illustrated in Figure 2.3
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1 1 |
Zy e J

FIG. 2.3 ELEMENT DIMENSIONS

2, Stress-Strain Relationship

One important advantage of the finite element approach is
that structures with anisotropic materials can be treated. In general,

the stress-strain relationship is of the form

o, ] 6y € G5 Sy & T
Oy 1C21 Co2 Ca3 OCp, & s
= : + : (2.58)
% 31 C32 C33 C3 e "o
%] [Cw %2 Cu3 G Yes | Tra)
or symbolically [a] - [0]{ [c] + ['r] (245b)
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where ['r] is the matrix of themal stresses for a given temperature change.

For example, the stress-strain relationship for an isotropic material is

given by
_ 1 1 - r - _ -
c'r 1=y v v 0 Cr T
o v 1-v v 0] € T
] E /
. - ‘ + (2.6)
(1+v)(1-2v) : ,
% v v 1-v 0 €, T
o 1—2\) ' |
i I‘Zl ] 0 0 0 —-§- | _er ) i 0 i
where ¢ = EE%W’AT (2.7)

3e Element Stiffness
The stiffness of a typical triangular ring, which is an

expression for corner forces in terms of corner displacements, is given

by Eq. (1.10) as
RRISERIOES

And the thermal load matrix is given by Eq. (1.11) as

T
L]=J[e] [F] e
Sindevthe coefficients in matrices [a] and [C] are assumed not to be

a function of space the above equations reduce to
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T
[k].u v [a] [c] [a] (2.8)
T T
L= [e] 7] (2.9)
If a one-radian segment is considered, an approximate expression for

the volume of a trisngular ring segment is
V=rA (2.10)
where r is the average radius given by
ra= (ri TR rk')/3 | (2.11)
and A is the cross-sectional area given by
A= (apy - akbj)/2 (2.12)
From Eq. El'.lS) thé gix corner forces acting at the vertices of a

one_-radian triangﬁlar segment is given in terms of the six corner

displaceménts and thé temperature change within the element by

18] = [¥] [x] * [£] (2.13)

Co EQU]I.IBRIUH EQUATIONS FOR COMPLETE STRUCTURE
| Th¢ e@uilibrim of the complete systerri of triangular rings, which
is an expression for nodal point loads in terms of nodal point

displacements, is given by the following matrix equations:

B[] (2
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The stiffness matrix [K] and the load matrix [R] are determined by
"direct stiffness" techniques as indicated in the previous section,
Egs. (1.20) and (1.21). In addition to the thermal loads, the [R]
matrix is composed of concentrated external forces acting at the nodal
points of the system. Hence, pressures acting on the boundary of a
segment of the structure are replaced by statically equivalent forces

acting at the nodal points.

Mixed boundary conditions are considered by a simple transformation
of Eq. (2.14); Eqs. (1.22) to (1.26) give the details of this
modification.

D. DMMTION OF DISPLACEMENT AND STRESSES
Equation (2.14) is solved for the unknown nodal point displacements

by the kappl:'l.c‘atiou'_;o"f’the well-known Gauss-Seidel iterative procedure,

This involves the 'répeéi‘t;éd calculation of new displacements from the

53 ke Trald s

1’1, S T i’n"’l, ool

equation

where n is the number of the unknown and s is the cycle of iteration.

The only modification of the procedure introduced in this analysis

is the simultaneous application of Equation (2.15) to both components
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of displacements at each nodal point., Therefore, r, and Rn become

vectors with r and 2z components.

The rate of convergence of the Gauss-Seidel procedufe can be
greatly increased by the use of an over-relaxation factor. This factor

is applied by first calculating the change in displacement Arés) of
‘nodal point n and then determining the new displacement from the

following equation:

(s) . (s-1) (s) (2.16)
Tt
where B is the over-relaxation factor.

The solution of an over-relaxation factor, which gives the best:
conve:"génc.e s dépends on the characteristics of the particular problem.
However, experience hg‘# ‘iindicated that for most structureé , the optinmum

dver-reia:'ation::factor is between 1.8 and 1.95.

7 Since only the non-zero terms in Equation (2.1k) are developed and
stored by the computér program, a solution of several hundred agnatiaﬁa
is possible , thereby making it possible to solve large finite element

systems.

For each element the average strains are calculated directly from
the hodal point displacelents by the application of Equation (2.4). The
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average element stresses are then determined from the stress-strain
relationship for the element, Equation (2.5). In addition, at each
nodal point, stresses are computed by averaging ﬁhe stresses in all

elements attached to the point.

E.  COMPUTER PROGRAM

The complete analysis of an axisymmetric solid by the finite element -

méthod involves three eeparate phases,v First, the structure nfus"b be
idealiged by a system of triangular rings. Second, this system is solved

for dieplacements and stresses from given nodal pbint forces. Third, the

displacemerits and stresses are presented graphically for further evaluation

and utilizatlon.

The Selectlon of the system of finite elements for a particular
probleﬂ ‘.l.s completely arbitrary, therefore, axisymmetric structures,
composed bf many Mteract‘iﬁg components, of practically any shape may
be handled.; ',By nurbering all ‘elements and nodal points, in a convenient
manner, the system can be defined in the form of three numerical arrays -
nodal point array, elem'ent array and boundary poinf, array. The nodal
point arrey fconta’ies thek coordinafes and the loads or displacements that
are associat.ed with each nodal point of the system. The element array
containa, for each element in the system, the location of the element
(the t.hree nodal point numbers defining the corners of the element and

other poesibie parameters which are associated with the element (i.eq,

Report No. 5654-02 FS Page 2k



elastic constants, density and temperature changes). The boundary array

indicates the type of restraint that exists at boundary nodal points.

These three arrays, along with some basic control information,
constitute the numerical input for the digital computer program. The
program itself performs three major tasks in the analysis of the finite
elemﬁnt antem of triangular rings. First, the equilibrium equations for
thbvéyﬁfem are formed from the basic numeriéél description df the system.
Sécoﬁd;_ﬁhis setvdf equations is solved for the nodel point diaplaceﬁents.

Thirdj the internal stresses are determined from these displacemants.

1. Input Information

- To define the system of finite elements, all nodal points
and slements are numbered as illustrated in Figure 2.4 Based on this
numbéfing eyﬁtém, the following sequence of punched cards constitutes
the input to tﬁe computer program.

s,  TITIE CARD (72H)
Columns 2 to 72 of this card contain information to
be printed with results
b.  CONTROL CARD (6Ik, 2E12.5)

Columms 1 - L4 Number of elements
5 - 8 Number of nodal points
9 - 12 Number of restrained boundary points

13 - 16 Cycle interval for print of unbalensed
forces -
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R-ORDINATE

Z ORDINATE

ELEMENT NUMBER

Y.ﬁ.—r :

FIG.24 NUMBERING SYSTEM FOR ELEMENTS
AND NODAL POINTS
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17-20 Cycle interval for print of results

21-2l; Maximum number of cylces problem may
run _

25-36 Convergence limit for unbalanced forces

37-48 Over-relaxation factor

Ce ELEMENT ARRAY - 1 card per element (LIL, LE12.lk,

Colum

d. NODAL POINT ARRAY - 1 card per nodal point (1IlL

Column

F8.4)

1-L4 Element Number

5-8 Nodal point number i

9.12 Nodal point number j in counter-
13-16 Nodal point number k clociarise order
17-28 Modulus of elasticity E

29«40 Density of element p

j1-52 Poisson's ratio v
53-6l Coefficient of thermal expansion o
65-72 Temperature change within element AT
r
1-4 Nodal point number
5-12 R-ordinate
13-20 Z-ordinate
21-38 R-load } Total force acting on a one
29-36 Z-load radisn segment.
37-48 R-displacement
L49-60 Z-displacement

On free nodal points, the displacements are initial guesses for the

iterative; solution. On restrained nodal pointg, the input displacements
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e BOUNDARY POINT ARRAY - 1 card per restrained nodal
point (2Ik, IF6)
Columns 1l-l Nodal point numbers
5-8 0 if point is fixed in both directions
1 if point is fixed in the R-direction

2 if point is frée to move along a 1line
of slope S -

9-16 Slope S (type 2 points only)

2+  Output Information

The following information is generated and printed by the

computer program: '
- a,  Input Data ‘

b. Noddl Point Displacement

Ce Average Element Stresses ,
de Average Nodal Point Stresses

3. Timing
For the IBM 7094 the computational time required by the

program is approximately 0,004 x n x m seconds, where n equals the
number of nodal points and m equals the number of cycles of iteration.
Depending on the desired degree of convergence, it may be necessary to

extend the iteration pi’ocess.

Lo Prbgram Listing

A card listing of the FORTRAN II source deck for the general
axisymmetric program is included i Appsndix D of this report. This

program is compiled for a maximum size of 550 elements or 340 nodal pointse

Report No. 5654-02 =5 Page 28




F. EXAMPLE

An infinite cylinder subjected to steady state temperature
distribution, for which an exact solution is known, is selected as a
means of verifying the finite element analysis. A finite element
jdealization of a section of the cylinder is shown in Figure 2.5a, The
temperature distribution which is assumed constant within each element,
is plotted in Figure 2.5b. The hoop stresses are compared with the exact
solution in F:.gure 2.5¢. Considerlng the coarse mesh, agreement with the
exact solution is very good except at the two boundary points. This
discrepancy is due to the fact that nodal point stresses are calculated
by averagmg the stresses in the attached elements. Therefore, the
‘eoundary vnodal point stress reflects the average stress bin the elements

near the boundary.

In general, good boundary stresses are obtained by plotting the
interior stresses and extrapolating to the boundary. This type of
engineering judgement is always necessary in evaluating results from a

finite element analysise.

Ge DISCUSSION
This section demonstrates the application of the finite element
technique to the stress analysis of structures of revolution. The approach

reduces the stress analysis io a simple proceduta. In order to use the
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l

program, it is only necessary to select an element idealization of the

structure and to supply the computer program with data that numerically
define the system of elements. Therefore, the program may be used as a
tool in design since changes in materials and geometry of the structures

may involve only minor changes in the input data.

In addition, the program may be extended to include the effects
of anisotropic materials. For this case, the input to the program must
be expanded to include the general elastic constants defined by Eq. (2.5).

‘ For‘the analysié of a specific type of structure, thls program can
be further automated by incorporating a mesh generator and the calctiiation
of temperature-dependent material properties. In the next section of
this report the program is specialized to the thermal stress analysis

of axisymmetric heat shields for manned spacecraft.
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PART IIT AUTOMATED PROGRAM FOR AXISYMMETRIC HEAT
SHIELDS SUBJECTED TO AXISYMMETRIC LOADS

A, INTRODICTION

The general computer program for the analysis of arbitrary
axisymmetric structure, as given in the previous section, can be applied
to the thermal stress analysis of heat shields. However, the use of this
program for such a complex structure involves a large amount of detail
work to select the finite element idealization and to prepare the computer
input. In addition, the convergence of the Gauss-Seidel iteration procedure
ié slow for this type of structure and a solution may require an excessive

amount of computer time.

By reétricting the general computer program to the analysis of heat
shields and by éutomating the input, a considerably more efficient program
can be developede The geometry of the heat shield is supplied to the
computer program in the form of R and Z coordinates and ablator thickness
at various points along the bond line. The required triangular mesh and
the temperature at the grid points are generated within the program.
Material properties at various temperatures are supplied in tabular form
and the program automatically develops analytical expressions for the
material properties by least square techniques. The flanges of the sand-
wich shell are idealized by special conical shell elements and the honey-

comb core material is treated as a separate material. This approach
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eliminates the need for the establishing of a ps;udo-thickness for the
composite sandwich shell. The solution of the equilibrium equations,
which was previously obtained by an iterative approach is accomplished
by a direct solution procedure. Because of their significance, stresses
within the sandwich plates and at the bond line are included in the

computer output.

B. MESH GENERATION

A typlcal finite element idealization of the cross-section of a
heat shield is shown in Figure 3.1. The basic element in this system is
a quadrilateral ring, which in turn is composed of two triangular rings
(Part II), In this particular case, the sandwich shell is represented by
the first two rows of elements and the ablator is idealized by four rows
of elements; there are 30 points in the meridional direction. The specific

mesh configuration is a variable which is supplied to the computer program.

In general, the geometry of the shell is given by the R-Z coordinates
of the points at the bond line between the sandwich shell and the ablator.
The points on lines perpendicular to the bond line inside the variable
thickness ablator and inslde the constant thickness sandwich shell are
generated automatically within the program. Thin shell cone elements are
used to represent the face plates of the sandwich shell.

From a given temperature distribution at the bond line, the grid point
temperatures are assumed to be constant within the shell and are assumed

to vary parabolically within the ablator.

Report No. 5654-02 FS Page 33




Page 34

PISIYS JDOH JO UOLDZIIDEP| JUPWS]T 94Uty (031dAL  |'E Big

Report No. 5654-02 FS

{



Ce DETERMINATION OF DISPLACEMENTS AND STRESSES
Baged on temperature dependent material properties, the equilibrium
relationship for each quadrilateral ring is developed and then combined to

form the equilibrium equations of the complete system of rings. Similarly

- P - = .

the stiffness properties of the face plates of the sandwlch shell are
incorporated into the equilibrium of the system. The axisymmetric
behavior of a typical conical element is a special case of the non-
axisymmetric behavior which is given in Appendix C. The unknowns in
this set of equations are the vertical and radial displacements at each
grid point in thé system. The satisfying of possible displacement boundary
conditions requires that these equations be modified as indicated by
Equation (1.25). Because of the physical characteristics of the heat
shield, the resulting set of equations is in band form. Appendix A
indicates fhe neceésary modification to restrict the standard Gaussian
elimination procedure to the solution of symmetrical band systems. This
approach results in a definite increase in capacity and speed over the

iterative technique and it eliminates the problem of convergence.

After the equilibrium equations are solved for the unknown grid
point displacements, the average stresses within each triangular ring
are calculated as indicated in Part II of this report. Based on the

stresses in the two triangular rings, average quadrilateral stresses are

calculated for each quadrilateral ring in the system.
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De COMPUITER PROGRAM

The first step in the stress analysis of an axisymmetric heat
shield is to select points at the bond line at regular intervals along
the meridian of the shield. A quadrilateral mesh is automatically
developed by the program from the R and Z coordinates. The material
properties vs temperature for the ablator and bond are supplied to
the computer in tabular form and the computer program automatically
determines analytical expressions for the properties by a least square
procedure (see Appendix B for details of method). Finally, the grid
points which are to be restrained and the external loads which act at

grid points are specified.

1. Input Information

The to:tiwing sequence of punched cards numerically defines

the heat shield to be analyzed.

a.  FIRST CARD - (72H)
Columms 1 to 72 of this card contains information
to be printed with results

be SECOND CARD - (6I5, 2F10.2)

Colums 1 - 5 Number of points along the shield - NMAX

6 - 10 Number of points thru the thickness-MMAX
11 - 18 Loeation of hond 1ine - MB

16 - 20 Number of material property cards - NP
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21 - 25 Number of points with radial and
axial loads - NL

26 - 30 Number of additional boundary
conditions - NB

31 - 4O Surface temperature of ablator
L1
Ce THIRD CARD

50 Zero stress temperature

Properties of Sandwich Core (LF10.2)

Columns 1 - 10 Modulus of elasticity
11 - 20 Poisson's ratio
21 - 30 Coefficient of thermal expansion
31 - 4O Thickness of core

de FOURTH CARD - Properties of Sandwich Face Plates
(4F12.2)

Colums 1 - 10 Modulus of elasticity
11 - 20 Poisson's ratio
21 - 30 Coefficient of thermal expansion
31 - 4O Thickness of single face plate

e GEOMETRY CARDS - (LF10,2)
One card per point along shield, in order from axis
of symmetry to edge (NMAX cards).

Columns 1 - 10 R-ordinate at bond line
11 - 20 Z-ordinate at bond line
21 - 30 Temperature at bond line
31 - 4O Normal thickness of ablator

Report No. 565L-02 FS Page 37




f. MATERIAL PROPERTY CARDS - (L4F10.2)
One card for each temperature (NP cards)
Colurmms 1 ~ 10 Temperature

11 - 20 Modulus of elasticity of ablative
material
21 - 30 Modulus of elasticity of bond material

31 ~ L0 Coefficient of thermal expansion for
ablator and bond materials

Ee LOAD CARDS - (2]5, 2F10.2)
One card for each point which is loaded externally
(NL cards). N and M specify the grid location of the point.

Colums 1 - 5 N(Meridional direction)
6 « 10 M (Thickness direction)

11 - 20 Radial Load.

. + Total load acting on
21 - 30 Axial Load } one radian segment

h. BOUNDARY CONDITION CARDS -~ (3I5)
One card for each point which is restrained (NB cards).
N and M specify the grid location of the point.

Colunmns 1 - 5 N (Meridional direction)
6 - 10 M (Thickness direction)
11 - 15 Boundary Code
Code = 1 point fixed in R-direction
Code = 2 point fixed in Z-direction

Code = 3 point fixed in both the R
and Z-directions

Report No. 565L4L-02 FS Page 38

T 40



A o - r

2e Output Information

The following information is generated and printed by the

computer program;

ae. Input data

be Least squares evaluation of the temperature dependent
material property data

Ce Coordinates and temperatures of all grid points
de R and Z displacement at all grid points

Be Average stresses in quadrilateral rings

f. Stresses in sandwich face plates

e Stresses in bond layer

3.  Timing
The computer time required by this program for an axi-

symmetric analysis of a heat shield is approximately

time = A + Be(NMAX)*(MMAX)° (seconds)

The constants A and B depend on the specific computer system
which is employed. For the IBM 7094 A=20 and B=0.02, and the time required

for a 30 x 7 mesh is 50 seconds.

he Program Listing

A card listing of the FORTRAN II source deck for the
automated computer program for the axisymmetric stress analysis of heat

shields is given in Appendix E. The program is compiled for a maximum
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grid size of L0 points in the meridional direction and 10 points through
the thickness. Material properties can be specified by a maximum of

50 cards.

E. EXAMPLES

Several axisymmetric analyses of a heat shield were conducted to
evaluate the significance of the various structural parameters. A
typiéal finite element idealization of the heat shield is shown in

Figure 3 ele

1. Effect of Mesh Size

The first example was selected to illustrate the effect
of mesh size on the accuracy of the displacements and stresses developed

within the heat shield. For a structure fixed at the edge, typical re-

sults of two analyses with different meshes are shown in Figure 3.2. This

example illustrates that two layers of elements in the sandwich shell are
adequate for the purposes of predicting stresses. It is of interest to
note that the stress distribution varies linearly within the sandwich
shell, thereby confirming the assumption made in thin shell theory. The

displacements for these two analyses differed by less than one percent.

2 Effect of Ablator Thickness on Stress Distribution

Figure 3.3 shows typical results of three analyses of heat

shields with different ablator thicknesses. In general, the magnitude of
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Fig.3.2 Effect of Mesh Size on Stress Distribution
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Fig. 3.3 Effect of Thickness of Ablator on Stress Distribution
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the maximum stresses in the ablator were in good agreement. This example
illustrates that the thickness of the ablator is not an important
structural parameter at the temperature of re-entry.

3. Effect of Boundary Conditions on the Behavior of the
Heat Shield '

The support condition which is imposed on the heat shield
is an extremely important parameter. Figure 3.l illustrates the
deflected position of the bond line for two different support conditions.
The resulting stresses differ significantly. Therefore, it is important
that the boundary condition which is imposed on the finite element
gystem be a realistic approximation of the physical support condition

which exists in the actual heat shield.

F. DISCUSSION

The automated computer program presented in this section reduces
the analysis of an arbitrary heat shield subjected to axisymmetric
thermal or mechanical -loads to a simple procedure. The program auto-
matically generates the finite element grid, evaluates temperature-
dependent material properties, solves the equilibrium equations for
the grid point displacements and calculates stresses within elements,
sandwich shell face plates and at the bond layer. Arbitrary boundary

conditions can be imposed since any of the grid points i

)
i
ct
§
s
3
[< 7

in either the R or Z directions.
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PART IV: AUTOMATED PROGRAM FOR AXISYMMETRIC HEAT SHIELDS
SUBJECTED TO NON-AXISYMMETRIC LOADS

A INTRODUCTION

In general, the heat shiéld of a manned spacecraft is composed of a
constant thickness sandwich shell and an ablator which varies in thickness
in both the meridional and circumferential directions. The temperature
distribution experienced by the heat shield is also non-axisymmetric.
Because the ablator, at high temperatures, is not a major structural
element, contributing to the overall behavior of the heat shield, an
approximation of its properties in the circumferential direction is
Justifieds The appro:d.tgat'ibn, that it is axisymmetric, reducés the stress
analysis of a non-axisymmetric heat shield to the stress analysis of an
axisynmetric structure subjected to non-axisymmetric thermal loads. This
involves the expansion of the tempefature distribution and the final
displacements of the system in Fourier series. By making use of the
orthogonality properties of the harmonic functions the three-dimensional
analysis is divided into a series of uncoupled two-dimensional analyses.
B. THEbRY FOR THE ANALYSIS OF AN AXISYMMETRIC BODY SUBJECTED

TO NON-AXISYMMETRIC LOADS

K théory is‘ presented for the analysié of solids of revolution

ymmotric about a plane

]}
2
Fie
[¢)
:

subjected to non-axisymmetiric load
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containing the axis of revolution. Figure L.l, a view of a plane per-
pendicular to the axis of revolution, shows the trace of the plane of
symmetry. Anisotropic material properties, which are constant along

any circumferential line, are included in this formulation.

The structure is idealized as a series of rings with triangular
cross-sections; the rings are interconnected at their nodal circles,
i.es, at the circles containing the vertices of the triangles,

(Pigure Le2). Loads acting on the structure are replaced by statically

equivalent concentrated forces acting along the nodal circles.

1. Strain-Displacement Relationship

By noting the axisymmetry oi tls gscmctry 2nd the matarial
properties of the body and the plane of symmetry for deformations, the

displacements in r, 8, 2 coordinates may be written in the following form:

u =z um(r,z) cos nd (4e1a)
u, =z u, (r,z) sin ng (Le1v)
u, =z uen(r,z) cos ng (Lole)

Within each ring element the r and z variation of the Fourier

coefficients of the displacements are assumed to be linear, i.e.,
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Fig. 4.2 Cross Section of a Ring Element
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u, kK T ks (L»2a)
uen ~ k)‘m + ksn r + kénz (h.2b)
uzn = k7n + k8n T+ k9nz (Le2¢c)

Now expressing the constants knm in terms of the corner values

of the Fourier coefficients of the displacements, i.e., in terms of

i i i J J 3 k k k
Y %n? Yan? Yrn? Yen? Y’ Yrn’ Yon and vz,
g ] o i i
kln khn k7n Yrn n Y2n
- J J J
Kon Ken ¥gn " [T] Yrn  Yon Yzn | (Le3a)
k k '
I X3 ¥n k9n_ (" Ven uzn_.!,
with
lfrjzk - BT TyEy - Ty% TiZy - rjziT
_ 1
[T] = 5 ! zj - 2 2y = By 25 - 24 (L4.3b)
|
] Ty - T ry =Ty ry -1y |
ang D= rj(zk - zi) + ri(zj - zk)." rk(zi - zj) (Le3c)

Combining Fquation (L4.1) with the strain-displacement

relationships, the following expressions for the strains are found:

ou
€ = o= T €__ cos nd (L.ha)
F oL ) Fy ey
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3 u
€ '%S'Su_e'* 'r_r-z €5, CO8 18 (Lelb)
du -
¢, = 5-;?- -2‘ €, COs nd (Lele)

Yoo " (T sp=t g = =) =) Yogp sinme  (Ld)

3u ou,

er = (B_r!- + -a-—z-!-.' -z 'ern cos né ' (h*he)
aue 1 ou .

Yo = S * % 552) =) Yogn 5in 18 (bolif)
aum

where € = So- (Lesa)

e =L(m_ +u) (L+5b)

én r on r *
au »

ezn = a:n ‘ (,4050)
au u nu

o
ou on

Yran af'n * :n (be5e)
o u

Within a given ring the approximate values of strain for tﬁe harmonic

n are calculated by combining Equations (L4.2), (4.3) and (4.5). The
u

hoop strain is assumed to be constant within the ring and __Ir:_n is

approximated by
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Thus, for the hermonic n the six components of strain within the element

are given in terms of the nine corner displacements by the following

] - (8] ] (i

The strain-displacement transformation matrix (for convenience it is

matrix equation:

written in its transposed form) is defined on the next page, Eq. (L.6b).

2e Stress-Strain Relationship

The stress-strain relationship for the harmonic n is

written in the following symbollic form:

ol [0 ww

For an isotropic material this becomes

_ - - _ - _ -
Ton o 8 B 0 0 O ern T
cbn B oa B O O O ‘Bn Tn
B8 8 a0 0 O ¢ T .
zn - an | 2 ’(h,7b)
cfen 0O 00wy O O ‘ren 0
u}zn 0 000 4, O erzn | 0
Lohzn 0 0 0O ) Cezn 0 J
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z .-Zk L 0 ) ,1_1_ rk-rj 0
D 31-, 3; D
i S 0 n_ Ti Tk 0
D e - i}
zi-z _];- 0 } n‘— r !-ri 0
D 3r 3r b
72,2 r =r
0 i 0 (- LI ) 0 ——--HD
3r 3r
[G ]T 0 B 0 Z47Zy q "
n - (g - > 0 541 (u.6v)
I
2, =2 r, -1
0 n 0 (2 - A) 0 Lk
3r 3r
T, ~r YA
0 0 _k_ﬁ_.rl 0 i - S L
D 3
Ir.-r 2, =%.
ik k “i n
0 0 5 0 D -
3r
r.=-r. Z.=2
0 0o it 0 4% _n
D i) =
L 3
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where o = % (L.8a)

v E
U 6T [Ty (L.8b)
b= é‘(‘%ﬂ (L+8c)
™ - lﬁzu Tn (L.84)

Tn is the Fourier coefficient for the expansion of the average temperature
change within the ring

7 -Z T, cos nd (L4.9)

3 Equilibrium Equation for Harmonic n

By recognizing the othogonality of the harmonic functions
the same procedure which was used in Part I may be used to develop the
equilibrium equations for an element subjected to harmonic loading.

Therefore, Equation (1.15) is rewritten as
ARANEA a0
where [kn] - [ [Gn]T(C] [Gn] av (L.11)
[Ln] - f [Gn]T[Tn] av (L4.12)

Within a ring the matrices [Gn.—_l and [C] are not a function of space;

therefore, Equations (L.11) and (L4.12) reduce to
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v [oT [0 wa
(1] = v [o.] [*a] (b1l

where the volume V is given by Equation (2.10). Equilibrium of the over-
all structure requires that the sum of the nodal circle forces for all
rings with a2 common nodal circle must equal the applied nodal force.

This results in an equation of the following form for each harmonic:

ENIENE [Rn] (1.15)

where the displacement vector [rh] contains all the displacement

amplitudes U Uy and L for all nodal circles in the system.

The equilibrium of the face plates is incorporated by a

similar procedure. Appendix C gives the details of this development.

L Determination of Displacements and Stresses

The nﬁmber*of harmonics required to represent the three-
dimensional temperature distribution indicates the number of two-
dimensional problems which must be solved. For each harmonic Equation
(L+15) must be solved for the unknown displacement amplitudes. The
corresponding strain amplitudes are calculated for each finite element
by Equatiqn'(h.é) and then stress amplitudes are found by the application
of Equation (L.7). The final displacements of the system for any angle
are calculated from Equation (4.1l). The final stresses are determined

from the stress amplitudes by the following equations:

Report No. 565L4-02 FS Page 54



nr(r,z,e) =Z .y €O nd (4.162)
qz(r,z,e) =Z‘ 3, COS né (L.16v)
o'e(r,z,e) =Z Oy, Sin ne (L+16c)
sz(r,z,9)= E: ofzn cos nb (Le164)
wre(r,z,a)sz .4, 5in nd (Le16e)
&ez(r,z,e)sz Oy, 34N 1O ' :(h.léf)’

C. COMPUTER PROGRAM

The use of the non-axisymmetric heat shield program is similer to
the axisymmetric program (Part III). The only additional input reouired
is the three-dimensional temperature distribution. The computer program
automatically develops the necessary Fourier coefficients for the
temperature distribution and sums the series of two—dimenéionalyanalyses

produce the final disvlacements and stresses in the system.

1. Input Information

The following seaquence of punched cards numerically defines

the heat shield to be analyzed:

a.  FIRST CARD - (72H)
Columns 1 to 72 of this card contains infeormation to

be printed with raesults
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b. SECOND CARD - (615, 2F10.2)

Columns 1l

6

11
16
21

5 Number of points along meridian
of shield - NMAX

10 Number of points through thickness -
MMAX

15 Location of bond line - MB
20 Number of material property cards - NP

25 Number of harmonic to be used in
analysis - NL

26 - 30 Number of boundary condition cards - NB
31 - 4O Surface temperature of ablator

Lkl - 50 Temperature of zero stress

Ce THIRD CARD - Properties of Sandwich Core (LF10.2)

(¢}
o,
£
ol
wn
‘—l

31
d.  FOURTH CARD

Columns 1
11
21

10 Modulus of elasticity

20 Poisson's ratio

30 Coefficient of thermal expansion
140 Thickness of core

Properties of Sandwich Fact Plates (LF10.2)

10 Modulus of elasticity
20 Poisson's ratio

30 Coefficient of thermal expansion

31 - L0 Thickness of single face plate

e GEOMETRY CARDS - (LF10.2)

One card per point along shield in order from axis of

symmetry to edge (NMAX cards).
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Columns 1 - 10 R-ordinate at bond line
11 - 20 Z-ordinate at bond line
21 - 30 Temperature at bond line
31 - 4O Normal thickness of ablator

The temperature information is used by the program
to determine the axisymmetric temperature-dependent material properties.
f.  MATERIAL PROPERTY CARDS - (LF10.2)
One card for each temperature (Nf cards)

Columns 1 - 10 Temperature

11l « 20 Modulus of elasticity of ablative
material

21 - 30 Modulus of elasticity of bond material

31 - L1 Coefficient of thermal expansion for
ablative and bond materials

ge THREE-DIMENSIONAL TEMPERATURE DISTRIBUTION CARDS
A table of bond line temperature values at 10 degree

increments along 9 circumferential lines is punched in the following form:

1st. card - (9F8.0)

R-ordinates of 9 circumferential points on
bond line

2nd card - (9F8.0)

Z-ordinates of 9 circumferential points on bond
line

3rd to 2lst card - (9F8.0)

One card for each 10 degree increment (0 to 180°).
Each card contains the 9 temperatures which correspond to the above R and

Z-ordinates.
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he BOUNDARY CONDITION CARDS - (3I5)
One card per restrained nodal circle (NB cards)

Coluom 1 -5 N°
6 -10M

11 - 15 = 1 restrained in R-direction
2 restrained in ¢-direction
3 restrained in Z-direction
g restrained in R and @-directions
restrained in R and Z-directions
6 restrained in 6 and Z~-directions
7 restrained in R, 8 and Z directions

mesh point N, M

i. PRINT ANGLE CARDS - (1F5.0)
Column 1 - 5 angle 8
For each "print angle card" a complete set of

displacement ang stresses are printed for angle 6.

2. Output Information

The following information is generated and printed by the
computer program:

a, Input data

be least squares evaluation of the temperature-dependent
material property data

. Ce Coordinates and temperature of all grid points
d. Two-dimensional Fourier temperature coefficients
O For eagh print angle

R, Z, and © displacement at all grid points
Average stresses in quadrilatoral rings
Stressas in sandwich face plates

PN NN
wnH
N e N
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3= Timing
The computer time required by this program for the non-

axisymmetric analysis of a heat shield is approximately

time = A + B ‘(Nl'IAX)‘(M'IAX)z-NL (seconds)

For the IBM 7094 computer A=20 and B=0,05, and the time required for a

30 x 7 mesh with L harmonics is approximately 5 minutes.

ke Program Listing

A card listing of the FORTRAN II source deck for the
computer program for the non-axisymmetric analysis of heat shields is
glven in Appendix K The program is compiled for a maximum grid size
of 30 points in the meridional direction and 8 points through the thick-
ness. A maximum of 10 harmonics may be considered. Material properties

can be specified by a maximum of 50 cards.

Standard input tape 5 and output tape 6 are used by the
program. Tape 20 1s used for temporary storage within the program; it
may be necessary to change this tape unit to conform with local computer

center policye.

D. EXAMPLES
Two analyses of axisymmetric heat shields subjected to non-axisymmetric

temperature distribution were conducted to illustrate the application of the
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program. In both cases, the axisymmetric finite element mesh was similar
to the mesh given by Figure 3.1. For the purpose of reference the
station layout along the bond line is shown in Figure L3, The three-
dimensional bond layer temperature and ablator thickness distribution

for angles 6 = O, 90°, 180° are plotted in Figure L.k.

. In Analysis A the axisymmetric properties of the ablator are
assumed to be equal to the properties of the actual ablator at 6 = O,
In Analysis B the ablator properties at ¢ = 180° are used. For both
analyses ﬁhe surface temperature of the ablator is 1000 F and the temperature
at the bond surface is given by Figure L.5. Station 20 (Figure L.3) is
restrained at the inside surface of the shield to simulate the effect of

an intermediate support ring.

The computer output for a non-axisymmetric analysis contains
displacements and stresses at many points in the heat shield; however,
only the typical results are presented. For Analysis A the deflected
shape of the bond line at three sections is plotted in Figure L.6a. The
non-axisymmetric behavior is significant. The displacements from
Analysis B afe shown in Figure L.6b; they are essentially the same as
those found by Analysis A. This again indicates that the ablator's thick-
ness and property variations in the circumferential direction are not of

ma jor importance at these temperatures. Hoop stresses at station 15 are
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Fig. 4.5 Temperature at Bond Surface
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plotted in Figure 4.7 for two values of 6. In both analyses the stresses
within the sandwich shell are in fair agreement since the material
properties do not change at these temperatures. However, within the
ablator, where the material properties are strongly temperature-dependent,
the stresses differ significantly. Of course, the particular solution is
most reasonable if the assumed material properties correspond with those
at the position of the desired stress. Hence, for 8 = 0, Analysis A is
considered the best approximation and similarly for 6 = 1869, Analyéis B

is the most reasonable.

E. DISCUSSION

In this section a method and the resulting computer program are
presented for the analysis of axisymmetric heat shields subjected to non-
axisymmetric thermal loads. The program may be used to analyze an
approximate solution to a non-axisymmetric heat shield if a number of
solutions are obtained and then are judicially evaluated. At the section
where the assumed axisymmetric ablator properties (temperature and
thickness) correspond to the local properties, the stresses will be a
good approximation of the actual state of stress in the non-axisymmetric
heat shield. Therefore, for each angle 8 for which stresses are desired

a separate structure must be evaluated.
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It should be pointed out that the computer program can be
extended to include non-axisymmetric pressure loading, displacement
boundary condiditons and the effects of elastic supports. However,

this additional investigation was beyond the scope of the present effort.

F. COLD SOAK CONDITION

A necessary approximation of the method of analysis which is pre-
sented in this report is that the non=axisymmetric ablator of the heat
shield is approximated by an axisymmetric ablator. Since the stiffness of
the ablator is reduced at high temperatures, this approximetion is justified
at the temperature of re-entry. However, at low temperatures the stiffness
of the ablator, as compared to the stiffness of the sub-structure, is signi-
ficant.

Figure L.8 illustrates typical stresses developed within two
different heat shields when subjected to a uniform reduction in temperature
(185°F to »250°F), The ablator thicknesses used in the analyses correspond
to the thicknesses at sections 0° and 180° (Fig. L.l). The resulting
stresses are comparable which indicates that for an axisymmetric heat shield,
the thickness of the ablator does not affect the stress distribution signi-
ficantly. It is also reasonable to expect that the actual behavior of the

non-axisymmetric heat shield will be bracketed by these results.
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APPENDIX A

SOLUTION OF ECUILIBRIUM BEQUATIONS

The equilibrium equations for a system of finite elements may be
written in the following forms

Ay Xq + Ay Xy + A3 Xy + A Xy = By (Ala)
A31 Xy *+ Ay, X, + Ayq x3 : + Aqgy Xy = By (Alc)
Mg Xy * A Xy * Ay Xy + Ay Xy = By (=)

or symbolically . '
Wi - 3] ' ot

where A = the stiffness matrix

X| = the unknown displacements

-

B] = the applied loads

R =
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Gaussian Elimination

The first step in the solution of the above set of equations is

to solve Equation (Ala) for Xy9 Or
xl - Bl/All - (A12/ All) xz '(A13/A11) 'x3 TEesRmeseasne= (AlN/ All) XN (Az)

If Equation (A2) is substituted into Equations (Alb, ¢, seeey N) a modified

set of N-l equations is determined.

K, X, * A;'B X + AL Xy = Bl | (A32)
A32 X, + A%3 3 m— A%N X, = B,i; - (A3b)
A%izxz‘!-Al s | s AL X = By

vhere - Afllj "Ry =Ay Ay/Ay 1,372 e B (Aka)
B -‘13i - Ay Bifhyy 2, veses N (Alb)

-

A similar procedure is used to eliminate X, from Bquation (A3), etc.

A general algorithm for the elimination of Xn may be written as
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X, = @A Y WA R, 3 = ntl, e, N

An - An-l

n-l ,, n=l,n-l . :
13 13 - Ay, (Anj /Am ) i, n+1l, seeey N

B;_l - ijl.-l - A;:l (B;:'J'/Ag;l) 1= n+l eeeey N
Bquations A5, A6 andﬁn?may be rewritten in compact form:

xn- Dn -chd xd Avj-nnl-‘l’_..."’ N

Aid - Aij - A;l;l cnd i, 3 = n + 1’ aesey N

B!; = B?.-l - Ax;;l Dn i = n+1, eeeey N
where D = Bg-llAz;l

w al=l/n=l
Cny " Any n

After the above procedure is spplied N-l times the original set of
equations 'is reduced to the following single equation -

N-1 Nl
by Iy = By

(a5)

(a6)

(A7)

(a8)

(a9)

(a10)
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which is solved directly for XN

Nel ;N1
Xy = By /Ay

In terms of the previous notation, this is
Xy " DR (A11)

The ‘ranainin’g unknowns are determined in reverse order by the repeated
application of Equation (A8).

Simplification for Band Matrices

For many finite elemen'lﬁ systems it is ppaaible 4o place the stiff-
ness matrix in a "band® form which restilts in the concentration of the
elements of the stiffness matrix along the main diagonal. Therefore, the
following simplifications in the general algoritim (Bquations A8, A9 and
A10) are possibles

X = Dn-ZCnJ x, J = N+l cesey nt Ml
| " (A12)

n _ ,n=1  n-l e n + +
Aij Aid o Ain an i’ J n 13 2000y n Ml
(A13)

B;'l - Bg-l-l?;l Dn -' 1'!1“"1,_00-0, n'+H'- 1
(a1k)

where M 1is the band width of the matrix,
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The number of numerical operations can further be reduced'by
recognizing that the reduced matrix at any stage of procedure is

gymmetric. Accordingly, Equation (Al3) may be replaced by the following

equations

n ‘nel ,nel 1 = n+1l, "o-:n*H-l

by " Ay =hn Oy 5 e g e neu-1 ()
since

TR

The number of numerical operations required for the solution of a
band matrix is proportional toA m2 as compared to N3 which is required

for the solution of a full matrix. Also, the computer sforage required

by the .band matrix procedure is MM as compared to N2 required by a set
of N arbitrary equations,

This technique has been used in the automated axisymmetric program
for the analysis of a typical heat shield idealigzed by a 10 x LO mesh of
quadrilateral elements. A solution» to 800 simultanecus equations was
necessary, which required less than two minutes of computing time on
the IEM 709k | B
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APPENDIX B

MATRIX FORMULATION OF THE LEAST SQUARE CURVE=-FIT PROCEDURE

Consider the problem of selecting the "best® polynomial of the

formy = cl + 02x + 0312 + ChXB, vesey chN-J. to represent the following

gset of data points:

Xy Y93 Xp3 Yo : 3 Y Yy

If the above polynomial is evaluated at points X, to X, M equation of the
| 1

following form are founds:

2 N-1

01+021m+02xm+ CN% = Ym m'l, ....,H
or in matrix form
(1 1 K2 eemen xL [ 6. | B
1 1 1 1 1
2 N-1
1 12 Xz uma 12 02 I2
2 N-1
R - %,
2 N-l
|1 Xy Ky e “% | | O [ ]
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or symbolically

W) - [ o

a Mx N matrix

il

where :A]

a Nx1 matrix

a!
|
i

'!] = a Mx1 matrix

. " ‘ T )
. If Bquation (BL) ‘is premultiplied by [A] , & 8set of N linear equations:
in N unknowns is created. Consequently,

[2])[c] = [o] I 3
where [5] = '[A]T [] = a¥x¥ matrax
[n] = [A]T [x] - gnx 1 matrix

Bquation (B2) can now be solved directly for the unknowm coefficients [¢] .

This procedure is numerically equivalent to the standard least
square procedure., However, it is pfesented here in a form which is readily
programmed for the digital cmimter The technique is not. restricted to
polynomials. | "

Figure Bl illustrates the application of the method in the evalua-
tion of the elastic modulus for temperature dependent materials. A

fourth order polynomial was useds
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APPENDIX C - MATHEMATICAL MODEL OF SANDWICH SHELL

The sandwich shell substructure is composed of a honeycomb core
material and two steel face plates. The orthotropic core material is
readily represented by solid triangular rings as indicated in Part IV.
of this report. However, for the description of the behavior of the
face plates, a shell type element is used. The appropriate theory is

given in this appendix.

It,is assumed that the face plates are idealized by series of
truncated cone elements which are connected at mesh points of the finite
element system. The cross section of a typical truncated cone element

is shown in Figure Cl.

yA .
A - Nodal Circle
~

Truncated Cone Element
of Thickness h '

FIGURE C1 - CROSS SECTION OF TRUNCATED CONE ELEMENT
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The displacements of the system in the r, 8, z coordinate system
are written in the following forms

N Sy

L Zum (ryz) cos nd
- Zum (r,2z) sin n®

where w,. (ry2)s v, (r,;2) end uen(r,z) are the two-diinensional dispiacanent“
functions (Fourier coefficients) associated with the harmonic n. 4

Within each truncated cone element, the two-dimensional dieplacemenﬁ
functions are assumed to vary linearly. The displacement at some point
t within the element is: gi*ren in terms of the nodal circle displacements
by |

u (t,e) Z[ 5 urn ‘+ 1 uf_n] cos nd (Cl)‘
u_(4,8) -Z[ Bl +3 ul ] cos m (c2)
u(t,0) =) [ &t + 3 “gn] gin n ~ (c3)

Accordingly, the displacement in the t-direction is
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u (4;8) = u (t;8) cos w + u (t,8) sin w

where cos w =

sing =

=o' wip

(cl)

The inplane strains within the truricated cone élanent are

3
‘t"autt' Z‘mm“’

3‘;’;*— Z oncmsne
1 aut d

Yot "F 3 TC " L Yotn S0 08

(c8)
(c6)

(c7)

By combining Equations (C1) through (C7), the inplane strains

forharmonic n are expressed in terms of nodal circle displacements by

- the following matrix equations:

c . 8 ) 0 a
tn 7~ 2 2
€n | = 2=t 0 n(4-t) t
Tr I T
1 nat
Yotn | __,2("'*‘) - ""2(""’) o A
R 4 LU
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If Equation (C8) is evaluated at the center of the element, the average

element strains are given by

(— - r*—
- . - a - b o a
“tn 2 7z 2
- - 1 ’ n 1
€n |~ | = 0 - =
2r 2r 2r
§ — - -1 ._m
8tn o oFL- 1 2F1

vhere r = (r-,L +7r J)/2
or Equation ((9a)written in symbolic form

CARBCNIEN

b‘d‘ o

nb

2ry

”ﬁ

He ¥ [
g g

@

=
=

ﬁ?.]::

3#"“

=~
e

L
i

e
B

(cop)

From Hooke's law, the 'stresses within the element are given by
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1+ v
2 Ea% Tn

where T, =7, =
1 2 1 -0

Equation (10a) expressed in symbolic form is

[ea] = [e] [«a] + [*] (100)

From Equation (1.15), the nodal circle forces in terms of the nodal

circle displacement for the harmonic n are given by

o]- (][]« ] @
o AN ARG

[]-a [T [

For the truncated cone element

K=h ¢4

- These forces are included into the overall equilibrium of the
system}tq?_the harmmonic n by the same technique used for the system
of triangular rings. When n equals zero, these equations reduce to

the axisymmetric case.
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APPENDIX D

PROGRAM LISTING = ARBITRARY AXISYMMETRIC STRUCTURES
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APPENDIX G

SUMMARY OF EFFORTS TO SOLVE THE THERMAL STRAIN PROBLEM
BY THE OVER-RELAXATION AND DIRECT INTEGRATION
OF FINITE-DIFFERENCE FORMULATION

I. ACCOMPLISHMENTS

During the initial phases of this contract, finite-difference techniques were
employed in an effort to solve the governing differential equations for this prob-

lem. The following work was &accomplished:

A, Derivation of basic equations suitable to the given geometry
B. Derivation of the finite-differences model of the equations
C. Development of a thin-shell meodel for the thin layers (bond, face-

plates) and its finite-differences equivalent

D. Attempt to establish proper boundary conditions for the finlite-difference

model

E. Programing of the finite-difference model(s) and attempts to solve the
equations by (1) the over-relaxation approach (in several versions) and (2) direct

matrix, inversions.
F. Investigation of alternative methods and recommendations.
A summary of the results in each of the above areas is presented in this appendix.

1. DERIVATION OF BASIC EQUATIONS SUITABLE TO GIVEN GEOMETRY

A complete set of equilibrium equations in terms of displacements in spherical
and toroidal coordinates was derived and is given below. A singular point exists

at ¢ = 0. The equations for this point are also presented.
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For orthogonal curvilinear coordinates (ai, ag, o

defined by

where gii represents the metric coefficients

A axis of symmetry

),

axis of symmetry

[§v)

Toroidal Coordinates

¢
8

1

e

R
|
|
|
l >
// \\ 9/’ !
< |
~N
A
Fig. Gl - Coordinate Axes
Spherical Coordinates
o/
1 R
@, @
a e
3
°11 =
2
€oo R
2 .2
835 R sin ¢

= [— 2
g = gllg22g55 R sin ¢

(a + r sin ¢)2

r(a + r sin @)

Note: Toroidal coordinates reduce to spherical coordinates in the limit

as a —>» 0.
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Equations of equilibrium with zero body force take the form shown below.

3 5 [88;:Ts - gT.. Og..

ii igy_ L. 2 34 Jd | _
'%1 3. 2 z.. % 0 (a2)
J= J 8iigj. JJ

where g = /gllg22g55 and Tii and Tij are normal and shear components of stress, re-
spectively.

After substituting the respective components of ai and g4 in Equation (G2)
and performing the indicated differentiations and summations, there are obtained the

following equilibrium equations in terms of stresses for each coordinate system:

A SPHERICAL COORDINATES
BTRR 1 BTR¢ . 1 BTRe X 2Tep - o5 = Teo T Trg ©OF @ . (63)
R R o Rsin § 086 R
?;BQ.+ 1 67¢¢ . 1 67¢e . 5TR¢ + (T¢¢ - Tog) cot ¢ 6 (6h)
R R of¢ R sin § 086 R
aTRe L1 5T¢e X 1 aTee . 3Tpg + 27¢e cot @ Y (¢5)
R R o  Rsin@ 08 R
B. TOROIDAL COORDINATES
aTrr L aTr¢ 1 aTre

or 't 3¢ *Tarresind) 90

(a + 2r sin ¢)Trr - (a + r sin ¢)T¢¢ - Tgg T sin @ + Teg T COS )

* r(a + r sin @) =0 (66)
?;g . .l_ o . 1 a’l‘¢e
r T a+rsin @ 00
. (2a + 37 sin ¢)Tr¢ + (T¢¢ - Tee) r cos @ Y (o7)
r(a + r sin
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where

9T L1 O .\ 1 9Tag
or T (a + r sin §) 00

(& + 3r sin ¢)Tre + 2T¢e r cos @

- r(a + r sin @) =0

HOOKE'S LAW INCLUDING TEMPERATURE TERMS

a
i

T
13 = A8+ eueii - (3\ + 2p) Jf a(T)aT
rIIO

I

L= 2
i "1

[
3]
N
A

N

N

(68)

(G9)

(G10)

and A and p are the Lamé constants defined in terms of Poisson's ratioy and Young's

modulus E according to
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h o T P Y W 2.

Let u, v, and w be components of displacement in the three principal
directions r or R, § and ©. Then substitution of these displacements in Equations
(G12) and (G13), with the metric coefficients of Page G2, yields the strain-dis-

placement relations for the coordinate systems shown in Sections II,E and II,F.

E. SPHERICAL COORDINATES
_ du )
°RrR T SR
ov

) (G1k)

o
2o Lo

)
=
D
|
S
e
:j
=
5
&l
]
!
+
Y
.

F. TOROIDAL COORDINATES
_ du
®rr T 37
e, =L ov . u
98 r o -

(G15)

. ~ ~
usin® . __vcos P

R _ 1 ow +
@@ a +trsin@ 08 a+rsin@P a+trsin

Q)
s
AS S
1
=
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_1 1 ov , 1 ow _ W cos
9o T2\ rrsinf B T I " a +r sin
(¢15)
_ 1 1 du + ow _ __w sin
°ro6 "2 |a + r sin @ 08 " Or " a + r sin
G. EQUILIBRIUM EQUATIONS IN TERMS OF DISPLACEMENTS

Expressing the stresses in terms of displacement using Hooke's law
[?quations (G9) and (GlO)l with the strain-displacement relations [ﬁquations (G1k)
and (GlSi], the equilibrium equations [#quations (G3) through (G8Z] may be written

in terms of displacements in the form

2 p) 2 2 2
A d"u . B 37u ‘o d u i D 3 u . E 3 u
kK 5, 2 K 3o 2 K 3 2 k 50‘150‘2 k 50425045
1 2 3
d u ou du du
+Fk&>§m;+‘}kao¢—l+ﬂksa—”kaa—5”ku
- 2V - 2V -— 2V - 2V j—g aQV
A Tt T T3ty saoa T B o oa
da A o 12
1 2 p)
+ T C +§av+ﬁav + T LT (G16)
k 504150% k Bocl k oQ, k & k
+ K 52w ¥ ]=3 82w + a‘- BEW 4 5 82w + E 82w
k da 2 k da 2 k 3o 2 k 5@15a2 k 50525045
1 2 3
= d% - dw = dw = ow =
+Fk3&£§<§ e da * Mesa Tk Sap T
+ 2u) a(T) 9O
_ (5 + 2u) ofT) I, k=1,23
\/ Ekk k
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TABLE G1

COEFFICIENTS OF EQUILIBRIUM EQUATIONS

SPHERICAL COORDINATES

(¢ #0)
k =1 k= o | .

A A+ 2p NO | o S
By W/ o .
Ck H/(Rg sin® @) 0 o
Pk 0 (A + u)/R o
E_ o . )

x ° 0 (» + w)/(8 sin §)

Gy 2(x + 2u)/R 0 o
B cot ¢/32 2(n + 2u)/R2 o

° 0 2(r + 2u)/(K sin @)
-2(\ + 2u)/R° 4 o 0
0 | . .
0 (A + 2u)/R? o
0 ; u/ (R sin® @) o
(A + n)/R | o .

° ° (A + w)/(K sin @)

0 E 0 0
(A + 1) cot ¢/R 2u/R o
~(h + 3u)/R° (x + 2u) cot @/R° o

ry

I, 0 0 (A + 3) cot @/(R° sin @)
To o -(n+ 30) cot ¢/E° -(x + 20)/(F sin® §) 0
Kk 0 0 m
B, 0 | 0 u/R°
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TABLE Gl (cont.)

COEFFICIENTS OF EQUILIBRIUM EQUATIONS
SPHERICAL COORDINATES

(@ #0)
—_— . ,4{m,.“,w_. e .5
- L 8 O A
C 0 0 (» + 2u)/(R" sin” @)
Dk 0 0 0
Ek 0 (x + u)/(Rg sin @) 0
fk (A + w)/(R sin @) 0 0
Gy, 0 0 2u/R
ﬁk 0 0 K cot ¢/R2
I, -(A+3w)/(R sin @)  -(n+3u) cot /(K" sin §) 0
Ek 0 0 -u/(R? sin® @)
TABLE G2
COEFFICIENTS OF EQUILIBRIUM EQUATIONS
TOROIDAL COORDINATES
k=1 \ k=2 j k=3
, ! i
Ak : A2u i 0 ; 0]
2 !
By /T 0 | 0
Ck % p/(a+rsin¢)2 : 0 0
D 0 (X+u)/r : 0
k . ?
Ek C ' O 0
F , 0 0 (A+p)/(a+rsing)
G, (A+2u)(a+2rsing)/ &(a+rsin¢ﬂ 0 0
H, pcos@/ [r(a+rsin¢ )] 2<}L+2L2J-)I'Sin¢+()\+5p)a 0
: r“(a+rsing)
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TABLE G2 (cont.)

COEFFICIENTS OF EQUILIBRIUM EQUATIONS

TOROIDAL COORDINATES

k=2

vk=5

g ka1
L ! o o 2(a+2u)rsing+( \+p)a
k % | r(a+rsin¢)2
Iy E-(Mau) E_/r2+sin2¢/(a+rsin¢)ﬂ (r+2u)acos@/ E(a+rsin¢)ﬂ 0
x, 0 : 0 0
B, 0 (A+2u)/r2 0
g, 0 | o/ (a+rsing)? 0
Dy | (M) /r 0 ; 0
E, | 0 0 | (+)/ [r(atreing)]
F, o 0 ! 0
G, (A+p)cos@/(a+rsing) w(a+ersing)/ [r(atrsing)| 0
o -(A+31)/x° “ (A+2p)cosd/ [r(atrsing)] 0
fk | 0 ; 0 ' (A+3u)cos@/(atrsing)e
7 _ (3p)rsinfeos@ruacosy i ()\+2ulr2+pa2+()\+5u)arsin¢i o
k r(a+rsing)? r2(atrsing)?
KK 0 0 H
B, 0 0 n/re
C, 0 ; 0 (A+2p)/(at+rsing)?
D, 0 ! 0 0
5 0 () [platrsing) 0
Fk (A+p)/(a+rsing) 0 | 0
G, 0 0 w(a+2rsing)/ [r(a+rsing)]
£ 0 0 ncosp/ [ (arrsing]
i ~(M3u)sing/ (a+rsing)® -(A3p)cos@/ (atrsing)® 0
3. 0 0 | -w/(atrsing)?
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TABLE G35

COEFFICIENTS OF EQUILIBRIUM EQUATIONS
POLAR COORDINATES [FOR APPROXIMATE TWO-DIMENSIONAL LOCAL
SOLUTION FOR ANY (8 = constant) CROSS-SECTIONAL PLANE]

k =1 K =2
. NA; e R I n
B, u/R® 0
D | (» + u)/R
G ()\+2u)/R+gT()\+2u)g% | % %% %)
e ;—2 {?T; %%) : -lﬁ (%—‘; %g) + (n + 3u)/R
Ty 5 (%\ (%%\, - (n + 2p)/E? i {ié-}(%@} (A + 20) é}:
K 0 i .
I, 0 | (A + 2u)/R°
D, (x + w)/R | 0
L : [3)E) | ) |55) e
B | %{‘ g% (%% (2 ;25“) E (ig (%T-) (A + 2u) %
|

A L[5 1) - e

Note: Temperature-dependent material property derivative terms are
also included. Only applicable coefficients are listed. By replac-
ing R with r, the above coefficients are applicable in the torus

cross-gsection region.
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H. EQUATIONS FOR STRESSES IN TERMS OF DISPLACEMENTS

Fro

where §,. is th
1J

8. .

1J

and

D
11}

Wri

m Hooke's law, Equations (G9) and (G1O)

T

= 2ue; 6, A8 - (3n + 2p) j oT)aT
TO

e Kronecker delta defined by

I

1,1 =3

0, i #3

€ + e + e

11 22 33

ting the strains in terms of displacements from e

or (G15) and shortening the nomenclature by defining the stresses

Equation (GL1T7)

Ty

rr 7 TRR
" o
= Teo

Tr¢ or TR¢
- T
= Tre ° "re

may be written in terms of displacements according to

T
+ o, (3% + 2u)f a(T)aT = au .+ Bzu¢ Ty + b
T

o}
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Wwhere

TABLE G4

COEFFICIENTS OF STRESS EQUATIONS

L | 1 >
Oéz A+ 2u A
sz 0 ! 0
72 0 0
62 : 2)\/K 2(A + u)/R
az : 0 : 0]
£, ‘ /R | (0 + 20)/R
7, t 0 0
gz | A cot @/R » cot @/R
az | 0 | 0
Bz : 0 i C
72 /(R sin ¢) § »/(R sin ¢

SPHERICAL COORDINATES

(8 #0)

5
A

0
0
2(x + w)/R
0
\/R
0
(A + 2p) cot @/R
0 Y
0
(A + 2u)/(R s1n §) |

0

Report No. 5654-02 FS

(@]

6]

i

WS‘M p
o‘ o-
0 0
0 /(R sin @)
0 0
0 0
0 0
w/(R sin @) 0
0 0
0 M
W/R 0
0 0
-p cot @/R -/R
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COEFFICIENTS OF STRESS EQUATIONS

TABLE G5

TOROIDAL COORDINATES

Qi

~ |
=

0

AL (A+2p)sing
r atrsin

0

M

0

(1+PU)COS¢
a+trsin

o)
0]

A2

a+rsin¢

TABLE G6

W

O

0

| O ’

: / (a+rsing)

0

w/r

0

uCcoSs
atrsin

COEFFICIENTS OF EQUILIBRIUM EQUATIONS
POLAR COORDINATES [FOR APPROXIMATE TWO-DIMENSIONAL LOCAL

! 1 2
R
? A+2U A
; 0 0
; 0 0
iA(a+2rsin¢) A2 Asing
, - + :
' r(a+rsing) T a+rsing
0 0
i A/ r (z+2p)/r
0 i 0
Xcos@ XCOSd
atrsin atrsin
0] : 0]
0 E 0
|
. . A
:x/(a+r51n¢) g:;giﬁa
| 0 0
SOLUTION FOR ANY (®©
} | -y
g
=) 0
) , A/R
a, 0
By /R
) ! 0

2

A
0

0

0

(x» + 2u)/R

(A + 2u)/R

constant) CROSS-SECTIONAL EiANﬁﬂ

-1/R

0

p/(a+rsing)

0]

o

0

psin
atrsin

Note: Only applicable values of £ and coelficients are listed.

By replacing R with r, the above coefficients are applicable in
the torus cross-section region.
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I. EQUATIONS AT THE AXIS OF SYMMETRY

Certain of the coefficients in the displacement equilibrium and stress
equations become singular at the axis of symmetry (¢ = 0). For the nonaxially
symmetric case the axis of symmetry has no special physical significance and this
point can be avoided. For the axially symmetric case, however, the axis of symmetry
is generally quite important and the singular coefficients may be evaluated by the
use of L'Haspital's rule. For example, the coefficient H

1
equilibrium equations in spherical coordinates is u cot ¢/R2 which becomes infinite

in the displacement

as ¢ approaches zero. From Equation (G16), this term multiplies the displacement

component 3%- The conditions for axial symmetry are

w(R,8,8) = % =0 (619)

where f is any function of R,¢,G. From this it can be shown that

Aay
v=§g=——2—=0at¢=o. (G20)

Hence, since g%-approaches zero while H, approaches infinity, L'H8spitalfs rule is

applicable to the product

1L cot Q ou
A

as @ —>» 0. Taking the limit, there is obtained

ou
lim pcot §  du _ p  lim cos @
g —>0 2 Sfo"R2¢—+o sin @
2
© 1im 26% cos @ - g% sin ¢
- 55 g —>0 cos P
YR
R a¢2
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Hence, for this case, the coefficient Hl becomes zero and the coefficient Bl which

2

multiplies é—% is increased by u/Rg. Applying this limiting process to all the

singular te?gs, the following sets of coefficients are obtained:

TABLE GT

COEFFICIENTS OF EQUILIBRIUM EQUATIONS ON AXIS
OF SYMMETRY (@ = 0) FOR AXIALLY SYMMETRIC CASE
SPHERICAL COORDINATES

' 1 2 3 T ko 1 2! 3 |k

A, | A+2p f 0 é 0 A, 0 0 0 Kk
B, | ou/R° o |o B, 0 o ! o B,
Cy 0 o |o Cy 0 0 |0 5k
Dy 0 o |o D, 2(A+u)/R 0 {0 ﬁk
E, 0 o |o E% 0 o !'o Ek
P 0 0 % 0 F) 0 0o | o ﬁk
Gy 2(z2u)/R | O |0 Gy 0 0 o Ek
Hy 0 0 {0 H, 2(A+3u)/R° 1 0 0 f,
I, 0 o 10 I, 0 o | o fk
I, 2(z2p)/RP | 0 | o 3, 0 o |o | b

Report No. 5654-02 FS
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0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
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TABLE G8

COEFFICIENTS OF STRESS EQUATIONS ON AXIS OF
SYMMETRY (@ = O) FOR AXTALLY SYMMETRIC CASE
SPHERICAL COORDINATES

2 1 2 3 L 5 1 6
- ] - SO i - : 4 = —
o, E A+ 2n A § A o |} o . o
B, | 0 0 3 0 /R 0 0
|
y o ! 0 0 o | o0 0
L i ; i
6, % 2x/R - 2(x + w)/R L 2(h + u)/R 0 o0, o0
@, . o 0 0 u 0 0
Ez 2)/R g 2(\ + u)/R 2(n + u)/R 0 L0 0
7, 0 | 0 0 0 0 0
— |
5, 0 0 0 -1/R 0 0
a 0 0 0 0 0 0
2
Ez 0 0 0 0 0 0
7, 0 0 0 0 0 0
32 0 0 0 0 0 0
J.  TEMPERATURE DEPENDENCE OF ELASTIC CONSTANTS

If, in addition to the coefficient of thermal expansion, the elastic con-
stants are strongly dependent on temperature, then additional terms must be included
in the displacement equilibrium equations to account for the special derivatives of

these constants. For example, in differentiating the stress component Tii with

regnect to conrdinste ¥ rfl""“'{l Eqnnt’ - (G9/ there is obualned
“ L _l
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a'r.. ae..
ii _, 0@ O\ ii ou
aoci _)‘aai+eaai+2“5ai +2eii§&_i'

T
- Grr 2w am G- - Grr 2w [ e a
TO

i i
> (Ga1)
SNV oul (9 o) ) g
_ A (3T ul [T T
=0 (55 3&; +2e, 5T 5§; - 5T (3% + 2u) 5&; -/’ o(T) 4T
To
de

+ ) gg; + 2u 55;— - (3\ + 2p) alT) ggr

" J

where the first three terms to the right of the equal sign have not been accounted

P T dlha AAaPPI AT Aanta AP Taadsdaanm (A1TE) Danmananmtdme +lhmn 0333453 mcmaT 4 mvenc Toxr
LOL L l1 LIIT LUCALLLLULTILIUL UL J-l\iu.o\-UJ.UAJ \\J-Lu/- L\CBJ.CDCL.[UJ.J. LIIT AUl LLUlLIGL LT LD U.y
primed quantities, Equation (G16) becomes
. % 3%y (31 + 2u) o(T) dT
(A, + A}) + (B, + B') + ool =
k k" 3. ? k k" 5. ? aO‘k
1 2 VEkk
T
1 ) OT
+ 57 (OA + 2u) 5= f o(T) a7, k =1, 2, 3 (Ge2)
VExkk kg
o)
The coefficients Aé, Bﬁ, ... are tabulated below for spherical and toroidal coordi-

nates, and for the special point in spherical coordinates on the axis of symmetry

for the case of axial symmetry.
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TABLE G9

ADDITIONAL TERMS IN COEFFICIENTS OF EQUILIBRIUM EQUATIONS
FROM TEMPERATURE DEPENDENCE OF ELASTIC CONSTANTS
SPHERICAL COORDINATES

l k=1 } k=2 E k=3
Al | 0 0 ‘ 0
B} 0 | 0 0
0 : ; | ;
D 0 ’ 0 ; 0
E} 0 % 0 | 0
F! : 0 ! o) f o
o -. 3 (Hz)aT ! 1 [OA}for ‘ 1 (a3 or
k ! 3T K/ SR R |oT]|3F | Rsind |3T| 36
ot 1 [ou} [T 1 {oul{oT | o
k 22 197|598 R |OT||oR i
| |
I 1 dou T ? o : 1 oul oT
stinzgssféé' | : Rsin@ |OT| OR
! i
> [a\[or | 2 3 dr ! 2 3 T
gt : = ( ( ! = ) (A+u) ; (a+r)
1 R |\oT |\OR é 2 oT 3¢ 5 R2sin¢ 3T o6
H {
— !
A% 0 ? 0 i 0]
By 0 0 0
c 0 i 0 0
! : o ‘ O 0
E! 0 , 0 . 0
! ?
! 0 ? 0] ! 0
!
o 1 Sp [T i op OT ; 0
k R {OT ||oF ! ST OR i
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TABLE G9 (cont.)

ADDITIONAL TERMS IN COEFFICIENTS OF EQUILIBRIUM EQUATIONS
FROM TEMPERATURE DEPENDENCE OF ELASTIC CONSTANTS
SPHERICAL COORDINATES

T e - B | e

k=2

- oAl [oT 1 [ oT

Hy 5T 5 (FT) (h2u) 39 Zos (

I, 0 - % éTT | (6_

K | R sin2¢ T| o | Rgsin¢ T

i
= | o cotd 1 oT ; cot 1 [oul oT ! oT
: ( s -3 F 2R ERE 2Lk oewE
: R 51n¢

A__f_ | 0 ! 0 0

By |

: 0 0 0

61'{ 0 4 0 0

B! 0 ! 0 0

Ellg 0] 0 t 0

if: % 0 ‘ 0

5 1 ([ou) or o du 3T

k | Rsing {OT| 06 i OT OR
Rl Tl =43

ko R sm¢ R2 T 55

= 1 ax) T ( 1 (a )

L Toind ( - (A+2u)
k Rsinf |9T| SR Rosing or| 5f Rosin @ or

=, 1 oul oT Q lau) AT | 1 au T cot (

J . ——— .=

X Poind (3@ 56 - Sm¢ |3t R 3R "
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TABLE G10

ADDITIONAL TERMS IN COEFFICIENTS OF EQUILIBRIUM EQUATIONS
FROM TEMPERATURE DEPENDENCE OF ELASTIC CONSTANTS
TOROIDAL COORDINATES

k=1 ! k =2 é k=3
_ | L v , e
AL 0 i 0 : 0
1 H :
Bk ; 0 0 ; 0
c! 0 : 0 § 0
1 .
Dk 0 ; 0 » o)
. i :
Ek ; 0 0 { 0
i
P 0 : 0 Ii 0
: | !
| T ; 1 [ ot : 1 [33\am
! ! '(—-( 2 \v—— i i i H EX
G ‘ 5T '\J’""’d_ f T l\éﬂ of [ \’ a.+rsiny)” ) I\ST;SG
. |
it 1 [op|oT | 1[dpjor ; o
k 2 oT| 3@ r |oT|dr
It 1 duldT § 0 1 dulor
k (a+rsin¢)2 ST 38 (atrsin@)|oT|or
' 1 sin aaler L [9 oT
Jk ,:I' * a+rsin OT|or ! 2|oT ()\+2H)a—¢r ; 5—
i ' r i (a+rs1n¢)
: ' sin 57\ BT i O\ OT
f r(a+rsin i + OT 98
; ' : T a+rsin¢ )
A 0 | 0 E 0
Rt ;
Bk 0 : 0 0
E:’ , 0 0 : o
D! § 0 ‘ 0 : 0
= f f
Ek 0 '5 0 ‘ 0
F! 0 ﬁ 0 i 0
| i
gt | 1{op|or : ou OT f 0
ko : T or
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TABLE G10 (cont.)

ADDITIONAL TERMS IN COEFFICIENTS OF EQUILIBRIUM EQUATIONS
FROM TEMPERATURE DEPENDENCE OF ELASTIC CONSTANTS
TOROIDAL COORDINATES

| K = ] k=2 ! k=3
K | r|5T)3r : ? (hr2n 5@' w(a+s1n9)|3T36
T , 0 i 1 Ou| OT 1 Julor
k . ’ (a+rsin¢)2 OT| 36 r(atrsing) |OT| O@
=, | cos T l BT cos ox|oT  1{ouploT osf OT
J _ (a+rsin¢5 r(a+rsing) (0T |oF ~ ;(BT or ( (TT}(HEH)FG
a+r51n¢
Kl'{ 0 0 0
Eﬁ: 0 ; 0 o
51’{ 0 , 0 0
131’{ 0 ‘ 0 0
E]; 0 | 0 0
1?1; 0 " 0 . 0
Gt 1 ouloT » 0 i du AT
k- atrsin@)|0T |00 T or
i 0 1 oulor
r(a+rsin¢5 OT |96
% 1 3 \dT 1 3y \oT 1 d (2 )BT
k (a+rsin¢5 JT |or rZa+rsin¢5 ﬁ} (a+rsin¢) oT H )
x5 fon
5 ( M) T C_cosp foulpr St [r g, Or[cosf)
* \a+r31n¢) T‘ % (za.+rsin§25)a‘v”Uv _ \a+rsing) l_(_jr opl r
— - e ot T ey emeregimoliee ~-4 —_— = e [ SR
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K. AXIS OF SYMMETRY WITH AXIAL SYMMETRY

The only non-zero terms in the coefficients of Table G9 on the axis of

symmetry in the axially symmetric case are the following:

, _ 0 oT
Gl—gﬁ'(k+2u)5§

b

il
EIN
4
=1

!
o
E
2

The integral term in Equation (G22) is also non-zero for the equilibrium

equation corresponding to k = 1.
L. EQUATIONS FOR THE SINGULAR POINT, ¢ = 0, FOR THE NON-AXISYMMETRIC CASE

The components of displacement u, v, w in the R, ¢, © directions, re-

spectively, have the following properties at ¢ = 0:

3 N
o -0 9" u _ du
08 aeea¢ oF
ow _ 85w __ o 82v
% 3023¢ 8P
) (c23)

dv Pv_ _,
38~V = 3608

I
S5 =0 B = J a(T) T

3 J

These results are derived beginning on page G26 of this appendix.
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M. EVALUATION OF STRAINS

From Equation (G23) the singular terms in the strain-displacement equa-

tions can be evaluated. Thus we find

aw+v
o = 1 ow L4, vcot ) o1 (08 L u
6 Rsin@ 06 R R @—>0"Risin@ | R

and from Equation (G23) we note that the bracketed part is (O) and thus we have the

0
result
2
17w ov
®se = & 3609 * 5 * | (8 =0) (@2
Similarly we find
1 aw_wcot¢+ 1 ov
e¢e 2R 5@ sin 5 5
and again through Equation (G23) we obtain
2
S - - ' RIS
@6 ~ 2R (0@ "~ OF = 08og B
(G25)
2
_1l 9w _
®do = 2R 3858 (¢ =0)
Finally,
e _ L 1 ou - w +R du
RO ~ 2R \sin § 06 oR
(Ge6)
2
1 [o™u du _
eRe-'e'ﬁ\m'“Ra'ﬁ) (¢ =0)
N. EQUATIONS OF EQUILIBRIUM
The equations of equilibrium
2 - -
aTRR-*.l_- 57R¢+ 1 6TRe+ "R ~ "¢ " Teo * "rg °°t¢=o (c27)
oR R 0@ Rsin @ 06 R
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a'I'R . 1 6'r¢¢ N 1 5T¢¢ N 5TR¢ + (T¢¢ - 'Tee) cot ¢ )
oR R oP R sin @ 086 R

CL 1 BT¢9 L1 9Tgq . 5Tpg 27¢e cot @ o

oR R op Rsin@ 06 R -

have the indeterminate parts indicated below.

From Equation (G27), we have

(Ge8)

(G29)

(630)

(G31)

1 aTR@ . TR¢ cot @
Rsin @ 08 R
Putting in the values of Tro and TR¢ in terms of displacements, we get
°Trg ee |1 % aw faw, )L o fow,
06 R ~ R |sin 270§ |56 " 7] " oR |06

L i

- )

From Equation (G23) we find that the expression (G31) is zero at § = O.
write, for Equation (G30)

2
1 d Tro . BTR¢
R 0609 op

which is the evaluation of the indeterminate portion of Equation (G27).

tion (G28), the indeterminate part is

1 g , Jof ~ Teo
Rsin § 06 R

cot ¢

In terms of the displacements

oT 2
op _ _ploTw ov 1 o [ov _
o " g6~ "o "R |68 T °5F T sing @ |o® "
2 v
" sin 3B "V
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From Equation (GEB), the terms in parenthesis are zero. Thus we have

" [égw v 3% % ] o v 3%

= - -2 = £ -2
R | 9608 Sotag | O 3vF| TR 3% RIERY,

which is zero by Equation (G23). Therefore we may write Equation (G32) as

2
1: 5] T¢@ . L a’l'¢¢ a'l'ee
R 3608 TR\ S T ™%

which is the evaluation of the indeterminate part of Equation (G28).

From Equation (G29), the indeterminate parts are

oT T
R sin ] age +e ge cot @ (633)
and
oT
L e -

For Equation (33) we have (at § —> 0)

oT 2 2
00 2y ow . 2(A + ) du 0"u A O v oB(T)
6 T2 Ted "R SFT T ® . o6 T M3me TR 6% - o0
2u ov (A +2u) O [ow
+ - W - + v
R sin @ |00 R sin § 08 |08

It can be seen from Equation (G23) that the terms with gzi—a have the form %

and that the terms in u and B are zero. Thus we can write

52v 85w Bgv 52v
2u 5555'+ (n + 2u) ; 2a¢ + (n + 2p) 555 + A 5658
S

o9 + 2 Ty = L
o6 e - R

3 2
_ At 2u | o°w + 0 geg¢ = 0 by Equation (G23)
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Thus we may write Equation (G32) as

2
1 9 Teg .- Ty
R \360@ o@

For Equation (G34) we expand the functions in powers of @ thus:
Woe=w +w @+w ¢2 + e
o) 1 2

Then we may write (for § —> 0)

oT v +w@+w ¢2 dv dv ov
b 2
T [ ey T [T, Ty, e e )

ov
w_ - © v,
~ 0 00 _ 2
= W, T 05) - W, TS
ol ¢C et oo

ov

And since v = 559 from Equation (G23), we have

BTe avg )
2

1l
3]
+
g
—
AN
|
o
~—

(G35)

il
N
+
il
(@)
g

Thus, the one term, _Sgg » iIn the equilibrium equations is not evaluated by simple

differentiation with respect to ¢.*
0. RELATIONS BETWEEN DISPLACEMENTS AT @ = O

To obtain the equations given in Equation (GEB), we take the gradient

and the Laplacian of the displacement vector, i.e.,

*
See note on page G28.
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VE= V(ku+ v+ bw)

and

VEE = V° (hu+ v + 8w)

Expanding in powers of ¢, viz,

[
il

2
u oty g + u, g= + ...

and letting ¢ = —>» 0 after obtaining V& and V2 g, we find the following terms in-

volving % as a factor:

(% |
€] 755 + VO’
v
(2% )
" 106 ol
éﬁ Buo
9
2u \
A 1
R + u
682 1
2Vl ow
é = -2 5)
36° ©
n ! 2wl ov
V] -+ 2
36° 0

e — 2 —
Since V& and V€ must be finite when

a multiplier) must all vanish.

A

O

% T %

RE) :wo
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Thus we have

— N
= U,

. . 1
above expressions (having 3 as
y
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& = °

>
w ov
__l_:_gs_i
o2 )
2v ow
1,

2
30~ 98

2
e N
I
de° L

The equations in (G23) are equivalent to these when ¢ = 0. The equation

YR .
36-C¢ ((#-=0)
where
T
B:IOA(T)dT
T
o}

can be seen from the fact that at ¢ = 0, there is cnly one point for all @, so that
B cannot vary with 6. (The same argument could have been applied to the quantity u.

It could not be applied to w or v since these are functions which have extension in 8.)

ITI. DERIVATION OF THE FINITE-DIFFERENCE MODEL OF THE EQUATIONS

The finite-difference model of the basic equations is presented below. The
difference analogs to the partial differential equations are constructed on a grid
network as shown in pigure G2, for which Gi — ccnstant lines are crdered by the sub-
script 1, a2 = constant lines by the subscript j, 03 = constant lines by the subscript

k, and the intersection of grid lines (nocdes) by the triple subscript i, j, k.

Note: The further evaluation of Equaticn (G35) may reduce the expression to a simple
derivation process, but such a possibility will not be investigated since the
expression has already been made determinate.
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Axis of Symmetry L, i K+ 1
-1\,4”<::::L\\\\\\; :

Fig. G2 - Grid Notation for Finite-Difference Formulation

For the general case, the grid spacing will be irregular and the incre-

ments in the vicinity of a node will be designated by the following notations:

By = (g4 - (o) By = ()54 - (%) hay = (O5)j4 - (33);
P = ()i - (9 npp = (p)yup = (%) Hsp = (G50ppp - (0505
f5 = (0 - (o) Py = (G)y - (o) Bgp = (o) - (o), )
By = (a); - (o) 5 hoy = (%) - (%) 5 hgy = (05); - (o), 5
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Let T (Oi, Oé: a3) be any function of the coordinates such that it and its partial
derivatives (up tc any order required in the analysis) are continuous, and expand
the function about the point i, j, k. Using a new coordinate system with origin at

i, J, k and with §l, §2, § directed along & » respectively, the function T

17 % O3
(§l, 52; §5) is written
f(gl, §2, 55)zfi,j,k+Bl§l+B2§2+B3§5+B&§l§2+B5§2§5
+ BEE +BEZ +BE" +BES+B EEE
63351 T Prd 852 953 10°1°253
B §E°+B EE°+B &€ +B 8%+ (636)
11°1°2 12°1°3 13°1 2 142233

The first and second derivatives of f (Qi’ o)

obtained from Equation (G36) according to

» 03) with respect to @ , O, O, are

2

2 .\ | \

£ ) SEA 3t

= = B, = B,, =2 3B

i,k 9% )(0,0,0) L 9% 50‘2}1,3, ¥ 2). . 7
L /i,3k
% = érf_ = BE’ 5————3——&82fa = B 5 = 2 B8 P (GBT)
211i,3,k gg (O;O)O) 2 511,35k 2 i,3

or | :af) . égf) . O o
)i,k 95 )(0,0,0) 2 s [y s 6 5 7

i,J,k //

By cconsidering the values of f (§l, §2, 55) at the 12 nodes adjacent to i,j,k, the
constants Bi are evaluated in terms of the function at these nodes and the grid

spacings as shown in Figure G3.
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Coordinate
(1,3,k)
(141,9,k)
(142, 9,k)
(i'l:J:k)
(1-2,,],11)
(1,4+1,k)
(1,9+2,k)
(1;3"1)1‘)
(1:3“211‘)
(1,,k+1)
(1,3,k+2)
(1:3:1"‘1)
(1,3,k-2)

Fig. G3 - Coordinates of Irregular Mesh Intervals

Note that the grid spacing increments hij do not, in general, have the dimensions of

length but have the dimensions of Oi’ Oé’ and 05.

At points 1 and 3, Equation (G36) becomes

>
£(hyy 6,00 = £y 5,k T OBbyy T BAy,
(638)

2
f(-h =f . - B.h + B
( 15)0)0) i,k 1713 7h13

where terms of higher order are deleted. Solving for B, and B. from Equation (G38)

1 T
gives, for the first and second irregular central derivative with respect to Oi,
2 2 2 2 \
df 15 Tiaa,ge ” By =By )Ty mby Ty
(O I +
S Byyhyy (B +hy5)
b (639)
2 i
d°f . b3y 5% - (Brp +(h13) fi,jsk Tk
5 hoh. (h. +n
oo 7, 1171 11 7 1
L 1,5k L > 5 J
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Substituting h11 = hl5 = h1 into Equation (G39) gives for the first and second

angular central derivatives with respect to &

1

T - T \

of _ Ti4l,5,k i-1,3,k
- 2
“li,5,k &l
5 (cho)
326 Tiva,ae % "5 50k
2 - 2

% 1,5,k i )

By a similar procedure, the following first and second regular and irregular cen-

tral derivatives are obtained with respect to the coordinates Q. and . :

2 5
First Regular Central Derivatives (h2 = h21 = h23, h3 = h.51 = h55)
f. . - £, .
of \ _ Ci,gtlk i,3-1,k (l1)
3&, . ~h_
2H,a,.k 2
f - f
of i,3,k+1 i,3,k-1
- 42)
oo, |, . 2h (G
31,5,k 3
First Irregular Central Derivatives
2 2 2 2
of ’ _ h25 fi,j+l,k i (h21 i h25 ) fi,j,k - Boy fi,j-l,k (Gh3)
211,35,k hojhos (y) + Bog)
2 2 2 2
h f. . + (h -h f, . - h f, .
of _ 23 i,J,k+l ( 21 53 ) i,Jj,k 31 i,j,k-1 (Guu)
o |, . h,-h,_ (h,, + h__)
211,k 51733 V31 53
Second Regular Central Derivatives (h2 = hEl = h25, h5 = h51 = h55)
>°r f, . -2f, .+ f.
g1 _ itk i,Jrk i,j-1,k (Gh5)
da 2 h 2
2 11,3,k 2
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2 T, . -2f, .. +f, .
o f _ i, d,ktl i,J,k i,j,k-1 (ch6)

.. h
5 11,35k pj

Second Irregular Central Derivatives

3%r s [h25fi,i+l,k - (b +hyg) £y 4 hzlfi,j-l,é] (ch7)
el hoyhog (hyy + hys)
2 1i,j,k
o°s _2 [maste e * (g *(%5) fi,;L,)k " Pt e (h8)
2 h_.h h,. +h
oo |, 3k 31733 V31 0 33

Forward and Backward Derivatives

By applying the same procedure as above with respect to two nodes located either
forward or backward from the origin {i,j,k), the first and second regular and irregular
derivatives are obtained in terms of the function f(al, ag’ a5) evaluated at these

nodes. The results are summarized below for the three ccordinate directions:

First Irregular Forward Derivatives

2 2 2 2
of - (h12 et ) fi;j,k e fi+1,j,k - By fi+2,j,k (G49)
11,5,k by by (Byp - b))
2 > 2 2
of T (hpp™ =y ™) £y 4 T hay By sk T Bay Ty oy (650)
“2li,3,x Boyhgy (Bop - )
> > > 2
- (n..° - n £ . +h,.°f. . - h T f.
of _ ( 32 AL ) i,k 32 i,J,k+1 31 i,3,k+2 (G5l)
Sa |, . h,.h,. (h,, - h, )
311,35k 31732 Y32 37

First Regular Forward Derivatives

For equal grid spacings in each of the Llhree coordinate directions, defined

according to
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l -

11 h12/2 =h
‘ = = G52
| By = hpp/2 =0, (a52)
| h,. =h,./2=h
l 31 52/ 3
| Equations (G49) thrcugh (G51) reduce to
:
i - 3f + br - f
' gg_) _ i,i,k i+l,3,k i+2,3,k ' (G53)
2
’ i3,k By
- 3F, .+ Lf, - T, .5
| of ’ i,J,k i,Jj+l,k i,j+2,k (G54)
5
%55,k by
!
- 3F, .+ hf - f .
of \ _ i,3,k i,J,k+L i,J,k+2 (a55)
o |, . . 2y
O11,J,5K W
Second Irregular Forward Derivatives
( - ) ) B
’ 3t Pt (et ) T e gk (656)
Sl Byphyp (Byp - byy)
1l 7/i,j,k - .
3°¢ L ooty st (Bop = b)) By o T fy oy (657)
3a.° ] hophoy (hpp - By )
2 11,5,k - -~
- - +
3°r B a5 U Y S (h5, (h51> fi,jsk BTy 5 ko (658)
2 = n. b, (h,. - n
oo, | . 1732 2 1
5 l,J,k - 5 5 5 5 .

Second Regular Forward Derivatives

With equal grid spacing, according to Equation (G52), Equations (G56) through
(G58) reduce to

2 - 2f, R B PN I o .
o°f _ i+l,i,k ~ Ti,dok  Ti+2,5,k (659)
z 2

1 1i,5,% hy
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e " sk Tk T g0k
e e
2 1,3,k 2
- +
3%t B ey T T T g ke
2 = 2
oo, [, . h
5 11,5,k p)
First Irregular Backward Derivatives
2 2 2 2
= - g = o
of _ B3 Tio 3.k (by ), B3 ) Ty, M Tion gk
1/i,5,k h15h1u (hlu h h157ﬁ
o 2 o 2
dr ) Doy B skt (hp)™ = hps™) £ 5y - hy)” £y sy
N M hozhoy (hy) - Bos)
2 2 > z
h,,” f. . + (h,¢ - n £, .. -h, " f. .
of ) _ 33 Ti,3,k-2 (05, 35 ) L0 T Pl Toska
da, |, . h.. b, (h,, - h
311,35k 33 BLJ' ( BM‘ 55)
First Regular Backward Derivatives (h15 = hlh/g =h, etc.)
o Bk T T Mgk
Q B 2
11,5,k oy
+ - Lr
%f;— = fi’j—g’k Bfi)ngk fi:J'le
% Ji,35,k 2h,
+ -
Jf TR s R i T
o, |. .. 2h,
3 1,75k 2

Second Irregular Backward Derivatives

L /i,35k

=2

Pysfsp, g © By mhys) £y sy -

Mfin 5,k

hlahlu (hlu - h15)
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(g60)

(g61)

(G62)

(¢63)

(a6lL)

(G65)

(g66)

(G67)

(c68)
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2 P . + (b, -ho.) f. .. - h,f. .
é_i_ =2 25fiJJ'2:k ( 2L 23) i,J:k 2k i,j-1,k (G69)
30,7 ], S B hoshoy (B - Bpg)
dd 2
> (n.r. . + (b, -hy,) £, .. - hyy f. .
é—.:_f_. = 2 53 llJ)k-g ( 5“ 55) 1}J}k 3)4' l;J;k"l (G—'TO)
2 h..h h - h
803 1,3,k B 33 BM-( bl 55)
J
Second Regular Backward Derivatives
2 f. . + £, . - 2f, .
o7 f_ _Ji-2,3,k  Ti,3k i-1,3,k (a71)
3. 2 - N P 7
1 7/i,j,k 1
2 fo. + £, . - 2. .
o°f _ _1,J-2,k i,J,k i,j-1,k (G 2)
., ° ) y 2 T
2 11,35k 2
2 f. . + £, . - 2f. .
8/ .. h
3 11,05k 3

Mixed Derivatives

It can be shown from Equation (G36) that mixed derivatives require values of the
function at any six nodes in the vicinity of the point under consideration. Figure GU
shows various combinations of mixed derivatives with respect to the coordinate axes
Oi and 02- It is noted that the mixed central derivatives involve the four corner
nodes as well as two adjacent nodes in either of the two coordinate directions. The
various combinations shown in Figure GL4 are summarized below for the coordinate

directions ai and a2:

Second Mixed Irregular Central Derivative with Respect to Oﬁ and O,

2
a) So? ga T Won.. (h. ¥ hl Y (h,. + h 7[%2 - (f‘+1 j+1,k
1 %% 1,5,k PeaPes \Byp * Byz) (hyy + by, N IR PR A

2

2
) fi-l,j+l,k) ) (h25 - by ) (fi+l,j,k "l

>
-y (fi+l,j—l,k - fi—l,j—l,k:] (GTh)
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Central

Forward

Backward

g) o]

Corner 1** ‘ t hl
A,

Report No.

Fig. gl - Irregular Mesh Intervals for Mixed Central, Forward
Backward, and Corner Derivatives
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o) 3% ~ 1 E} 2 (f
- ‘+ -+
501 50é 1,3,k hllhl§ (Bll + hljj (hgl + h25) 1% i+1, 3+l ,k

~
c

2
TR IR TR TU CHURTE ISR I Y

2
- By (fi—l,j+l,k - fi—l,j—l,k[] (675)
Second Mixed Irregular Forward Derivative with Respect to Otl and &,
¢) 3°r ~ 1 {% 2 (f
So Sa = - - . -
A 9% |y sy Boyhog (g - hyo) (b + hyg) |23 [TiL, gLk

2
- fi+l,3,k - fi+2,j+l,k * fi+2,j,k) - h21 (fi+l,j-l,k

) fi+l,j,k B fi+2,j_1,k * fi+2,j,k{] (aT6)
O 9% sk P (hpp = hgp) (b # ) 113 [Tl g+lk

2
- fi,j+l,k - fi+l,j+2,k * fi,j+2,k) - by (fi-l,j+l,k

) fi,j+l,k B fi-l,j+2,k " fi,j+2,k{] (G77)

Second Mixed Irregular Backward Derivative with Respect to Otl and &,

¢) 5’§§§—" = . El : (f
O s gk Depbey (g - b)) (hy +hp) 725 [T1-1, 041k

. 2
- f. ‘- + £ . - T, . -
i-2,j+1,k 1-2,J,k fl“l;J)k) hgl (fi~l;J-l)k

£f. 0 .. -, o .., + .
i-1,5,k ~ Ti-2,3-1,k fi_e,J,kJ]
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£) 52f _ -1 El 5 .
A N i1 51
A )5 sk Biybyy (g - b)) (b + R ) |13 ( i+l,j-1,k
- f + T - T - h 2 £
i+l,j-2,k  "i,3-2,k i,j—l,k) 11 ( i-1,3-1,k
- - +
fi,j-l,k fi-l,j-z,k fi,j-?,k:] (679)

Second Mixed Irregular Corner Derivative with Respect to &, and a,
L (=

% 1 kl .
oay oy by h by b, (hy, - h) [f12722

2

&) (Fia1, 541,57 Fie1, 5,k

2
B fi,j+1,k * fi,j,k) - By (fi+2,j+2,k - fi+2,j,k

et fi,j,k)] (cé0)

N Second Mixed Regular Derivatives

All of the above results can be reduced to regular derivatives with respect to

either al, ag or both coordinates by making the substitutions

r
‘ bo By
By = by =75 =5 =h (cér)
h h
~ _e2 ek
by = h25 =73 =5 = h (c82)
hy =h, =h (683)

The various derivatives are summarized below for the case in which all grid spacings

are equal (i.e., h, = hg).
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Second Mixed Regular Central Derivative with Respect to al and Q.

2
o f 1
= = - - (g
2)s ) 3o, 30 [ T 2 rad, gk T T, g,k T Tion, ek T i1, ge) (689
Second Mixed Regular Forward Derivative with Respect to al and Oé
2
o f -1
= - - +
c) Sal 5a2 56 2B Tii, 541,k e, g,k T Tien, -1,k fi+2,j-l,k) (685)
2 .
o7 f -1
Y RIS PP [Trs0, 500,k = T, 502,k = Tio1, 501,k * Tic1,ge2,%]  (G86)
Second Mixed Regular Backward Derivative with Respect to Qi and O,
3% 1
= == - - +
e) Sdi 50@ Lk 2 02 (fi-l,j+l,k fi—2,j+l,k fi—l,j-l,k fi-2,j-l,k) (G87)
2
o7 f 1
bl = e - - +
) R I ‘fi+l,j—l,k Tiv,5-2,6 " Tio1, 5.1,k fi-l,j-E,k) (c88)
second Mixed Regular Corner Derivative with Respect to ai and Q.
2
o°f 1
TR =—'——8[f. . -f. . - f, +f..)
g) 1 O£2 1,3,k I h2 i+l,j+l,k i+l,J,k i,J+1,k i,J,k
(fi+2,j+2,k " Tve,ik T T,k fi,j,k[] (c89)
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Iv. DEVELOPMENT OF THIN SHELL MODEL FCOR THIN LAYER AND
ITS FINITE-DIFFERENCE EQUIVALENT

A. THE THIN SHELL IN SPHERICAL AND TOROIDAL COORDINATES

The thin-shell analysis used here has been derived from a rigorous,
direct expansion in appropriate powers of z (the distance from shell center
surface). The equations are derived in the toroidal system since the spherical

case can be obtained from these by putting a = 0.

(G95).

€rr ~ %% (690
1 /dv v 1 du;

“wf “F |\ & T T (691)
1 { dw w sin ¢ v 1 Bugf

€0 T2 1 Sr a +r sin @ "4 + T sin g 39 . (co2)
1dv u

dg = T OF + 2 (G93)

| Ow . i
“o STTr I | rund s d (694

1 low N 1 v wcosd | (695)
o T 2 t Tof a+rsin@ S0 & +r sin
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The stress-strain relations are as follows:

-~
| r
*rg = 3G (G9T)
i o
ro
"0~ 20 (698)
_ e
r Sdo = 3G (G99)
_ %88y , _
6 = F "8 |%er * %ot ol (G100)
%6 '
%6 T E ~ % {o}r * °¢¢) +al (G101)
*

The first-order expansion is

N \
Thus, P v \

——— Median surface
(not necessarily
center)

etc., including v, E, G, @, T since these are variables.

From Equations (G90), (G91), and (G92), we have

c _ (G102)
rr

1
o °

*
Wherever terms are to be differentiated with respect to r and thgn combined

with first-order terms, they must be carried to second-order in —, since the
differentiation reduces the order by one. P
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Put
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t

v. v du
L 0 1 0
% <5 "5 ‘5 F (6103)
o
vy w_ sin ¢ ou
g =5 " ° . - % 890 (s = a + sin ¢) (G1ok)
o
e¢¢=e¢¢ +-Z—e¢¢ ete.
o P 1
From Equations (G93), (G94), and (G95)
1 avo uo
6 o F o (6105)
o
ov v u u
1 1 1 1
W 5% 5% ‘5 Th (6100)
1 awo . E
0 "o \” S5 * Uy, sin @ + v, cos ¢’ (6107)
o
[ on \
cco. =S |- S5ty sin ¢ + v, cos ¢; (G108)
1 !
) ow
- R s;n ¢ t- ago + uo sin ¢ + VO cos ¢
s Y
1 Bwo w_ cos {f 1 BVO
s¢eo T oo T s R (G109)
i Ow ow_\ ov \
1! ol 11(71 |
€¢91_51§W——W§_E{\E—+wl COSQ; (GllO)
sin ¢ [av
4+ B 5 aBGO + W cos )

From Eonations (G?é): (GQ?); (G98); (GlOQ); (GWOB); and (GWOA) we

:
| TTo Vg i \ !
= p | - — to- + Oy |+ O T (c111)
= ¢¢O G 1 o o;
auo of¢o
=V, 5 o5 (G112)
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— (G113)

\ For boundary stresses, second-order terms are needed because of

later differentiations.

‘ o =0 + Lo + ‘5) o
| rr rry e rry {p rr,
At upper and lower surfaces =+ % » we have the pressures
- =0 += 0. + lg_ ° (f rface)
Po = O 2p rr \2p rr or upper su
o 1 2
; 2
h h
-p, =0 -=C +| =—| o (for lower surface)
1 rr 20 rr 20 rr
e} 1 2
Thus,
- - e ’
(P, + P, [, 02
Opr =_( 12 2)'“51_3 T (G115)
o Py 2
For O}¢, S in terms of the upper and lower shear stresses, it is seen that
SR P (G116)
=) ( " 9] b
re, = To. - Tg ‘ £ (G117)
Y
(T¢ + T¢ } \2
g = - 12 2 (321_, o (G118)
rP, \2e) Trf,
T
e, " 7o) E 2 (1o
o = - = = - i‘—, o G119
5}
r@o 2 l‘2p‘ r92
To put o + Oyg  in Equation (G111) in terms of displacements, use Equations
o o
(GL00) and (G1O1); thus
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1 -V 2V

€ + € =2 | + o . + 20 T
¢¢O R E ¢¢o E, rr o o
Using Equations (G105) and (Gl0T), we have then
-V
AN (S =;a Lo 1%
E, 99, o A
u_ sin ¢ + v, cos g 2V
0 0
+ o -2x T (G120)
S Eo rr, o o

Then by putting Equation (Gl20) into Equation (Glll), we get

9 f(av

ow )
o o_| 0 _ 0 .
'Lll— l_\)olgd—-l’uo (89—+u081n¢+VOCOS¢
(1 - 2\%) (1 + \%) 1+ oo
YETTT- ) % *PlTTY | % (G121)
o o) o o]

Equations of equilibrium are as follows:

GO}T L1 80‘ ) 1 80}9 L
or r 5¢ a+rsing o8
aor¢ . -]__ 80'¢¢ ) 1 a%g o

or r o a+rsin @ 00
80}9 1 80¢e ] 1 aOée —o
3> T T o a+rsin@ 06

These result in six equations in zero-order and first-order terms; thus

80} 80}9
O L o _
Ofrl + —F "5 "% - 0 (G122)
oo Iole;
o, 9 .
I'¢ + gg - 'g ag = (GlQB)
80'¢e 80'99
o, + e .8 ° -0 (G1ok)
e, op RC
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da- da: do- do:
r¢l o r@l P Q? sin ¢ r@o
2 O}rg * 3 " s o8 "o ° 2 S - 0O (a125)
da;, oo do; oc;
o . ]
2 oy + ¢¢l -£ / LN ¢¢O + 2. 521 g ’ 2 -0 (G126)
r¢2 oF s 0o 3P <2 )
0y o, Rlep da,
de 06 @e 2 . 1)
1_p_ 1 °o,p sing -
2 o, " 5% T ¢ 2 S = © (a127)

Equations (G99), (G100), and (G101l) give %g> e’ Yoo in terms of
the strains; thus

- __EaT X
T2 (e¢¢+ \)eee) T-v "T=-v %r (G128)
_ £ _ _Eof N
e T 1 V2 (399”)6?595) T-9 " T29 % (6129)
g
o TTHV oge (c130)

These relationships give six equations for the quantities oy, , o , etec. The
9 * 9,

zero-order expressions are

Equation (G128) with all quantities given zero subscript

(e.g., EO’ e¢¢o, Ob, etc.) (G131)

44

o}

Oyg = Equation (G129) with all quantities given zero subscript
(e.g., E_, €¢¢O, s ete.) (G132)

Equation (G130) with all quantities given zero subscript

(e'g') EO’ €¢¢o) ao; etc.) (GlBB)

O'¢eo

The first-order expressions are much more complicated. Thus,
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L T——

into Equations (G131) through (G136). The resulting equations give o

2
. El\) +EO\)1(1+\)O)
1-v2  (-v2 |
o) o
V)
_anoTl anlTo+ElaTo+anoTol
~ l"\) l"\) l-'\)O (l-\))2
o
v 1 v,
n + o (G13k)
1 - \)OJ Ty (1 - N >2 rro
E BV El 2Eo\>o\)l
o) o) +

1 o) 1 [¢) 1
- + + +
_l_\)o l-\)o l—\)O (l-V)QJ
| \>o 1‘ Ol
+ o+ O (6135)
_l \)O_,ll rr1 (l - \)0)2 rro

E i E E V
= € B
1 1+ \)o ¢91 ll * \)o (1 + \)0)2_3 ¢Go

o (G136)

Equations (G112), (G113), and (Gl21) are substituted into Equations

(G106), (G108), and (G110); then Equations (G105) through (Gl10) are substituted

60 * 5o >
o) 99l

o} 1

o-¢¢o, cr¢¢l, U¢eb, G¢gl in terms of uo, R VO, Vl’ wo, wl, o;r s O_rr B O}go, o~r¢0.
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Thus,

Vg is obtained from Equations (G105), (G10T7), and (G131) (G137)

o¢¢ is obtained from Equations (Gl05), (GL06), (G107), (G108),
1

(c112), (G113), (G121), and (G135). (¢138)
Oyg 18 obtained from Equations (G105), (G1oT7), and (G132) (G139)
o
Ogg 1S obtained from Equations (G134), (G105), (G106), (G107),
1 (G108), (G112), (G113), and (G121) (aLLo)
o@eo is obtained from Equations (Gl09) and (G133) (G1h1)

O@e is obtained from Equations (G109), (G110), {(G112), (G113),
1 and (G136)

When Equations (G137) through (Gl42) are substituted into Equations (G122) through

(GlET), the result is gix differential equations in the six quantities uo, vo, wo,
o}rg, G}¢2, 0}92 O}rl, G}r > ete. are already given in terms of surface siresses,

o
Equations (G1l4) through (Gll9)]. The corresponding equations for the spherical system
are obtained by letting a = O.

The first-order expansions of the tangential stresses are

%8¢ = 8, " [¢] “vp, ' (G143)
%6 = Géeo - [%) Géel (GLhk)
P \ —_— f~= LN
o ~ o * 51 o, (14

where Gy , Oyy » Onn 5 Onn 5 Oyn » a@nd oy, have been derived in Equations (G137)

33, 99" e 60’ “do_ go,
through (G142). Substituting these equations into Equations (G143), (G1hL), and (GLLS),
the stress equations in toroidal coordinates are obtained in terms of uo, Vo’ Wo’ and

rrg'
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ov O ow v COS{ \
o c L -C 2 SRy v
g ~ "1 oF 11s ® 1 | s o
Zero-
order
‘ terms
‘o 1, v_sin . EOOBTO _ Vo PP, . E—)Z
1li{p s [o! 1-v 1-v 2 2p rr
o o 2 )
\
avﬁ Z aguo o_ 50}¢O Z o
+C, |l = — - C. |== + - - -G l=z
2 [;2} F T 1 [;2] Y 5 % op 3 [}s] 36
; .2 2 oa
. %] s ing Coﬁg,v, ) sin“¢ u 1 ) wog re_
1l s s o s S 892 G 36
B P | I L) | e
3 lp S 1 o) S o] 55_ GO r¢o
. First-
z z sinf
+ 02 |t C5 5——g—g- uO order
L. o terms
-V v ow
Z o~ sin o 0 . 0
+ o — B =
Cl Lg + 5 n J l“\}o {}95 + U + (uo s.1n¢ + v cos¢ ge—-ﬂ
(1-2v )(1+Vv) 1+V
+ [é— 2 ° & + 2| oo T
B 1l-v rr 1-v | " oo
L. O o] A O \ CJ )
N VA {p +p 2
- (& z) | Y B ENal) R 1
(p) ey [E) '}-vo l‘(p.l -pz)] o Ll_v )2_] [ 2 ) " ‘Ep Orr, (G146)
4 ¢
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—_——— e ——

(1-2vo)(1+vg)

1~V

'
o N
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1 Bvb
%o =~ C5 5|3 " Cs
|
ov
- & o
6 [és] 00
+Cp |35 aW°+c
6[02}@_ 5
ow
sin 1 O
““{—s‘g‘a)w

Q
(XY

where

< H|
l:%} [(S cos ¢ + (p-g) sin @ cos ¢

- % sin¢

v d°
o _ o, P
)Se—meo

u

do~
iy

82u
o

08¢ ~

I’COS¢

wjH

Eo
Cc. =
1 1 -V 2
S
c. = El +2Eo\)o\)l
2 1.v7% (1-v3°
o o]
E,V EV. (1+V°)
C = lO Ol‘ O
> 1.v°® (1 -V %)
] o I
C 001 , Shls BT, anbTovl
| )-J- l-\)O l_\)r* l-\)+ 2
| Y o (1 - VO)
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P

(G148)

(G1k9)

(G150)

(G151)

(¢152)

(G153)
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= 9
05 =T (G154)
o]
E E WV
Ce = 1 +l\> = (G155)

- \2
o (1 + vo)

B. THIN SHELL SOLUTION: FINITE DIFFERENCE FORMULATION

The generalized finite-difference analog formulation is directly applicable
to the thin-shell solution with the following changes: coordinate oi will be eliminated
since it corresponds to the radial direction,® and subscript i will be dropped to con-

form with the above statement.

The finite-~difference solution of the equilibrium equations will first be
obtained for the general case where the grid spacing is assumed to be irregular. Then
a solution will also be obtained for regular grid spacing. In both cases the first,
second, and mixed derivatives are needed for the central, forward, and backward grid

combinations. A typical general grid spacing is shown in Figure G5.

|§1(°&)
This coordinate
eliminated

ga(ob)

Fig.G5 - Coordinates of Irregular Mesh Intervals

¥
The partial derivatives in the equilibrium equations given in Equation (G36) are

taken with respect to a, and 03 (@ and ©, respectively).
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The increments in the vicinity of a node will be designated by the following nota-

tions, in accordance with Figure G5.

oy = (a5); - (o))

hop = (%), - (%))

h,, = (a

23 E)i-l

By = (@) - (%)) 5

by = (a5)i+l B (a5)i
hap = (A5)y,p - (05);

(G156)
hyy = (ag); - (a5)i—l

By = (a5); - (o) o

From Equation (G36) it can be seen that f(gl, 52, 55), the function of the coordinates

with the origin at i, j, k, is

f(gl) §2) 55) = fi,j,k

+ Blgl + B2§2 + B5§3 + Buglgg + B5§2§5 + B6§5§l

> o > 2
T B8 T BBt BB + By 8885 + By §i 6

; 2 2 .
+ Bl2§l§5 + Bljgl §2 + B

lh§2§52 +

The first and second derivatives of f(al, ag, QB) with respect to &, and &, are ob-

tained from Equation (G36).

of _of B
1,3,k 10,0,0
3°f . % ~
557&5; - 5?;55‘ -
i,J5k 0,0,0
agf agf
— =S 2B,
oo, |, . 3 E 7
3 11,3,k 3 16,0,0

2 5

i,J,k “lo,0,0

_ 3°r
- 2
2 11,4,k agg 10,0,0

= 238 ,

(G157)

The constants Bi are evaluated in terms of the function at these nodes and the grid

spacing as shown in Figure G5 by considering the values of f(§l, €, 55) at the eight
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nodes adjacent to j,k, and prcceeding in a manner similar to that outlined on pages

G30 and G31.
1. General Case - Irregular Grid Spacing
a. Central Derivatives
2 2 2 2
df CPos Ty (B s gt Ty -y TE
a .
9% |5y hophpg (hy) + hyg)
2 2 2 2
hy, . + (n - h f., - hy, °f.
of _ .33 "kl (hs) 55 ) Jok ~ 31 T3.k-1
o, |. h..h ho., + h,,)
313,k 51033 (g * sy
3°s _ 1 [% 2 (g . )
- 7 Y z, : T el
BQEBOB,j,k hBlh55 (h,, + hgg)\hfl + h5§/ 33 JH1,k+1 J-1,k+1
2 2 > ]
- - - _ |
‘h55 hjl e +1,k fj~1,k) By (fj+l,K—l fj-l,k-l);

o/
N

r—b

-

2
3 [£25 (£ 1 - Tia k1)

2o - . ;
2915,k Parhps (hpyp *+ hpg)(hg) + 00 |
2 2. >
B kh25 - by ’(‘j,k+1 j,k—l) oy <fj-l,k+l - fj-l,k—l)J
r
2 21 )
2%r 2 ot 7 gy b)) By h2lfj—l,k]
21 - h,.h., (h. +h_ )
- ) o )
5062 ‘J yk 21725 21 23
2. 2 [n,,r - (hy, 4+ h,) f. . +h,.f i
S s o 10 <0 W L R L 1Y S S I S
2 h ho-hy,, (hy + h,.)
oa, ! S ES Z
3 13,k 51733 V3 33
b. Forward Derivatives
2 2 2 >
3 N ) 4 2
dr R e R T I TR
2505 i, ] -
2.3,k hophoy (hoy - hg)
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(G160)

(g161)

(G162)

-~
2
—t
O\

‘N
—

(G16k4)
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b, °f - (h 2 n 2) f h, °r
of _ 32 T5,kl 32 31 7 T3k T M1 tyke2 ‘
LT h.oh,. (h.. - b, ) (G165)
3 |5, % 3130 Bgp = Bgy
n
o°f _ 1 [% 2 (¢ e
000y k BayPss (hpy - b (Bgy whpn) 7353 Hged kel T Taek
" Tooen T o T By et Tkt Thae t fj+2,ki] (G166)
[}
o f - L [% ® (¢ - f
6@2505 ik h21h25 (h51 - hﬁej(hgl + n257' 23 J+1,k+1 J,ok+1
o .
" Teee T T ee) TP Pyl Ty ke T Ty e * fj,k+2i] (G167)
2 - ( - _ |
d°f @ [ ooty * (Bpy = Byy) o™ h21f3+2,kj (c168)
2 N hyh,y, (hoy - oo )
oo~ . 2122 Vo2 21
2 i,k
2 ) 4 _ 3 ] _
e | 2 zr_ Psofys * (Bsp = Py) T T BTy e (6160)
7 = BB, (B, - B ) G163
5 ‘J’k - .
C. Backward Derivatives
2 2 2
~ h. ~ i \ - ~— .
¢ | ) /3fi-a e Voo ?c? ) f},? 24 fg_l,k (c170)
215,k hoshy), (By), - bos
2 > 2. o
h ( - - h.,~
d¢ 35 Lypp ¥ WBs = Bss ) Ty - by g (c17)
|, h..h,, (h h) [
31k 3373L ~T3h 53
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3°r ~ 1

S| - , .
0200515 Dayhss oy =) )y v ha) [:55 T ™ T5o,0n

2
- - - - 2
Yk T T TP et fia et Tioker fj-E,ki] (G172)
3%f B 1 E% 2 (£ c
30,0 - - ; 2 i+1,k-1 ~ T j+l,k-

Qt,y aB 3k h2lh25 (h5§ hsu)(h21 + hgs) 3 J+l,k-1 Jj+l,k-2
+f o r ) - h..° (¢ -t - f +f )| (6173)

3sk-2 T T3,k-1 21 “i-l,k-1 T Ti,k-1 T Tj-1,k-2 T Tj,k-2

2 2 {n ~ . +(hy -nh f. - h,f. ]
o f L,gﬁ j-2, ( 2&1 25) QSK 2™ j-1,k (G17Y)
2 h h h - h
o 232 oL '
0 2 i,k 3 2kL 23
2, i 2 [ﬁ h - h f. - h,,T. ]
of 333k~ 2 * 54( 53/ Jsk 34 k-1 (G175)
21 h -h
(o}
o0 ;j,k f53%51 sy~ B3
2. General Case - Regular Grid Spacing
When the grid spacing is regular, then
i} _ _ 1 _ L
By = hy) =hpy =350y, =50y,
(G176)
1 1
h, = h = h = = h = =nh
B 51 35 2 32 2 3k
Substituting the conditions of Eauaticn (G176) into Equations (G158)

through (GlTS) the first, second, and mixed derivatives for the central, forward, and

backward regular grid spacing combinations are obtained.

a. Central Derivatives

of fj+l,k ) fg-l,x
o = ‘ (6177)
213,k hy
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T W T Te——

of B fj,k+l } fj,k-l
o, | . - 2h
3135k 5
2
O°f S— f - f - f + f
ﬁeéo% 3,k thh5 J+Ll,k+1 J+l,k-1 J-Ll,k+1 J-1,k-1
)
2
o f 1
— = — If, - 2°F, + f.
2 iJ,k 2
2
o ¢ 1
—_— = —=—= |f. - 21, + £,
-~ 2 h 2 Jskt+l jsk Jsk-1
5 1J,k 3
b. Forward Derivatives
of 1
3o sk 2y Mk T Tk T Tieo
of 1
5@5 - - 2h5 ufj,k+l - 5fj,k B fj,k+2
o ==L |r f - f + f
5@25055 ; K 2h2h§ GHL,k+1 J+2,k+1 J+l,k-1 j+2,k-1
2
2
o f = L ¢ £ £ +of
30425055 5k 2h2h5 JHL,k+L T T 5+l,k+2 J=1,k+1 J=1,k+2
2
o f 1
—_— === |- 2 + +
e 2 h 2 ': fj+l)k fj;k fj+2:k:|
2 13,k 2
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o
0°f 1
o 2 IR L R NS S (6187)
3 1Jsk 3
C. Backward Derivatives
of - ir + 3f - br (¢188)
3a, Jx ony [Td-2k 3,k 3-1,k
of | -2 |r + 3f - kr (G189)
5@5 sk 2y |Tke2 i,k 3,k-1
o
o°f -1
L) S - i, 1
RN sk Egh fsien ~ Tyeopemn ™ Tyon,xe1 T T ka1 (6190)
2
2
o°f -1
33,30 sk Egn Ty ,k-1 7 Tye1,k-2 ~ Tyon,ke1 T Ty1 k0 (G191)
2
o
ot 1
e =~ |f. +f, . - 2f, Gl
e 2 h 2 J k-2 Jrk Jsk-1 (6195)
5 1dsk 3
V. OVERALL THREE-DIMENSIONAL BOUNDARY CONDITIONS

Given the notation and equations previously developed, and with Figures Gba,
G6b, and Gbe illustrating the geometry involved, the following described boundary and
ility conditions are those which will govern the solution to the full three-
dimensional heat shield problem for the two significant cases ("fixed" and "free-free"

conditions, respectively, at the structural juncture surface).

Al On inside and outside boundary surfaces OB and IB for both cases:
Tpp = Tr¢ - Tr@ =0
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B. On interface surfaces Il and I2 for both cases (index denotes which

material medium is indicated):

[rrr]iﬂ_ I_—Tfl‘]i )
Er@i+l ErQﬁJi > i=1,2
Ere]iﬂ ) I:Tre:]i /

C. In the r - @ plane for which 6 = 0° for both cases:
L% _du_dv
362 36 - J8
D. In the r - ¢ plane for which € = 90° for both cases:
u(r,$,90°) = u(r,-#,90°)

V(r)¢:9oo) = V(r;'¢’9oo)
W(r;¢;9oo) = "W(r)"¢)9oo)
au] _ [ au]
®lgg L%y,
oy [ o]
L1 PRV I
r l'_L - i
e, - [
Clgg L Clp--g,

Report No. 5654-02 FS Page G59



E. On the structural juncture plane (SJ) for the "fixed" case:

F. On the structural juncture plane (SJ) for the "free-free' case:

'I'¢¢ = Tr¢ = ‘Te¢ =0

G. Along the circles at the intersections between the structural juncture
plane and each interface surface for the "free-free" case (IPL, IP2), the conditions

of Condition F are replaced by (index denotes which material medium is indicated):

dv [ov ]
or |. X
i+l i

~|or
_ | ow
ol A b
v U
— R i=1,2
5%] ou (2) [E] [&] ( ov
- + |= - - |- u +
K PP ) ALY Y NP FY X ¢
T T
+ |3 + %ﬂ .j' CAT - (5 + %HJ -jﬁ adTi =0
T
o . e} .
L —ii+L — — 1
H. Along the circles at the intersections between the structural juncture

plane and each of the boundary surfaces OB and IB for the "free-free" case (PI,P0),

the normal stress condition (T¢¢ = 0) of Condition F is replaced by
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AB is edge view of plane
of temperature and thickness
distributional symmetry.

Fig. Gba - Front View of Shield

Fig. Gbb - Cross Section of Shield

Fig. G6c - Portion of Structural Juncture Surface SJ

Definitions:

r - Radial direction (both sphere and torus)

IB - Inslde boundary surface

OB - Outside boundary surface

SJ - Structural Jjuncture plane

IPlL, IP2 - Intersections between the structural juncture plane and each
surface interface

PI, PO - Intersections between the structural juncture plane and each
of the boundary surfaces OB and IB
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VI. PROGRAMING OF THE FINITE-DIFFERENCE MODEL(S) AND ATTEMPTS TO SOLVE THE
EQUATTIONS BY THE OVER-RELAXATION APPROACH AND BY DIRECT MATRIX INVERSION

A. OVER-RELAXATION APPROACH

The first approach in an attempt to solve the displacement and stress
equations was point relaxation. The reason for this choice was the apparent success
of this method in the previous work by Morgan and Christensen. Repeated attempts
with different values of the over-relaxation experiments were not successful. Evi-
dently the reason for the difficulty in point relaxation was the incapability of this

method to bring in the effects of boundary conditions.

An alternative form (i.e., line relaxation) was then attempted. The
first trial with line relaxation was made utilizing a radial line to the boundary.
Repeated attempts were made with this method with various boundary conditions. It
was demonstrated that this method is also incapable of meeting the remaining
boundary conditions. A 1ong line
that all boundary conditions could not be met simultaneously; the solution diverged

as it proceeded radially outward.

The basic difficulty in these methods seems to lie in the formulation of
an acceptable and consistent system of boundary conditions. Similar difficulties

have been repcrted in the literature for very much simpler cases.
B. DIRECT MATRIX INVERSION

A second approach (i.e., direct matrix inversion) was then attempted. Due
to the relatively small size of the computer memory, the mesh size was too large to
achieve a successful solution. However, direct matrix inversion cannot be ruled out
as a method for the solution of this problem. It should be nocted that the very
short time allotted to the attempts at the solution using relaxation and direct in-

version methods did not allow a complete exploration of these procedures.

VII. ALTERNATIVE METHODS AND RECOMMENDATIONS

Additional methods for the solution of the complete nonaxisymmelric case were

investigated. It was determined that the possibility exists for a direct matrix in-

version solution of the whole problem provided machine language is used throughout for

the programing. An additional memory capability utilizing magnetic tape or memory

disks would be employed.
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A second approach was also investigated which would utilize equivalent analog
circuits to transform the equations into a set, the behavior of which is well known.
This approach seems to offer another possibility of solving the complete three-

dimensional nonaxisymmetric problem.
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